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2.1 Root systems



Root systems

Denote V a Euclidean space with inner product (—, —). Fora € V
5 /CO* \eclp -

re (X =x—<x, av>a, e 2

=2 —2 (X\D(>O< & )
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X
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Definition Lox. UP C‘d)

A root system ® & Vis a finite set of
vectors such that o/ p &b
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All crystallographic root systems in 2D


































































































































































































































































































































A reducible root system in 3D

G, ® A B
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Reflection groups
o <a’ X> a ” X <
a(X) = x 2(0{ a)a e L) ra(X)

Weyl group
The reflection group W(®) = (r, | @ € <I>+) C O(N) is the Coxeter group

of the root system
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Weight lattice

2

Definition
A C Vis a lattice if ﬂé"““"‘él‘f

1. it spans V
2. P CA

3. if A € Aand o € ® then
A aV)yeZ

semisimple: «6 Eh‘\M/\
A> /\g








































































































































































































































T imdey pet of, e
/H/\M/'L voutr € ¢
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Definition + v
A partial order > is defined on A by /\ i { 16/1 l <Q‘ |ﬂ(|‘> >0
A pif Vel
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Example: GL(r+ 1)

W3 ’ e, um tello—
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2.2 Kashiwara crystals




Crystals




¢ +

Definition
A Kashiwara crystal of type @ is a set =h W‘k daf“f

B with maps 2 1°
e

efi: B — BU{0} ,—\,CVZ{[L@ WE’N O% s
& @i B > ZU {—c0} ] /}T‘/’\J &Mw
\

wt: B — A AR
: 9
respecting _—\
AT ei(x) = yiff fi(y) = xand then X%X

wt(y) = wt(x) + a;, €i(y) =€i(x) =1, @i(y) = pi(x) + 1

A2 ¢(x) = (wt(x), @) ) +&i(x)
S P (8] = —a0 Haew LU0z -w ot
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Seminormal

If —oo is not in the image of ¢;, ¢;, then
B is of

Itis if

i(x) = max{k € Zso | ff(x) # 0}
gi(x) = max{k € Zs | ek(x) # 0}




























































































































































One proposition

Proposition

® semisimple and C crystal of finite type.

wt(x) = > (@i(%) — ().

i€l



Crystal graph

Definition
Construct a quiver from B by

drawing an edge X— yif fi(x) = y.

Can have an equivalence relation on 8
if two elements are linked. The
equivalence classes are connected

components of the graph.





































































Some propositions on highest weight

Highest weight
An element u € B such that e;(u) = 0,Vi € lis called
and wt(u) a highest weight.

Lemma

If wt(u) is maximal with respect to > then u is a highest weight element.

Proposition

B seminormal. If u highest weight element, then wt(u) is dominant.









Examples: A, and dual crystal
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Example: crystal of rows
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2.3 Tensor products of crystals




Tensor product

B and C crystal associated to ®. B® C

with maps Proposition

It is a crystal.

o = 8y eily) e ) .
Jey {X®fi()’) @i(x) > &i(x) AN g' (x40 = Jow

ei(x® y) = {ei(x) ®y ¢ily) <e&i(x) (2.‘% W) = X@ﬁ
x®ei(y) ¢i(x) = &(x) &) \H,
0i(x®y) = max(pi(x, GiNHWE & ) cone  Pily) & Gl

ei(x®y) = max(ei(y), &i(x)—(wt(y), & )) J.‘ C)t@\d] :Cflx\@j Cg gw
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Tensor product

B and C crystal associated to ®. B® C
with maps

fi @y ¢i(y) < &i(x)
i(xX® =
&7 {x@ﬁ(y) @i(x) > €i(x)

ei(x®y) = ei(x)®y ¢i(y) <eilx)
| x®ei(y) i(x) = &i(x)

9i(x®y) = max(pi(x), gi(y)+{(wt(x), ;' ))
&i(x®y) = max(fi(y),fi(x)—<Wt()’)’ aly >)



Example: Two GL(3) crystals
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Morphisms and monoidal

/:/5))'2’/( i plan

Definition

A morphism between two crystals is a map ¥/ : 8 — C U {0} such that

1. be B,y (b) € C then: ;+4)ow/m>*é
1.1 wt((b)) = wt(b)

/L,,c
12 £(§(b)) = ei(b) HugAE= Cuisl
1.3 ¢i(¥(b)) = ¢i(b).
2. b, eib € B with /(b),y(e;b) € C then /(ejb) = ey (b)

3. b,fb e B with y(b), ¢/(f:b) € C then y(fb) = fis(b)

Tensor product associativity

The set bijection (B C)® D — B ® (C ® D) is a crystal isomorphism.
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2.4 The signature rule




An example
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2.5 Root strings




A map
Let k= (wt(x), a}’ ).

) k>0
oi(x) = {x k=0
el.‘k(x) k<0

0i8B = B and wt(oj(x)) = sj(wt(x)).
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2.6 The character
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s
A= /
-y lWA-\.jfp-%
J ~ T 2

Let & be the free abelian group on A +e C/VW % )
with basis element t#, u € A. The

character is t =
7%

XB(t)=;BtWt(”). ] L

The character is invariant under W. i~
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2.7 and 2.8: skipped




Questions?
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