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Plan of the day:

Let C be a symmetric
1
fusion cat.

(9.9.22) If C positive
2
then

9F : C ! Vec symm fiber funct
3

(Proof in 9.10)

all symm fiber functs are isomorphic

given F : C ! Vec get equiv F̃ : C ! Rep(GF )
4

(9.9.25) C is braided
5
equiv to Rep(G , z)6 with (G , z) uniq def by C

(9.9.26) Have

9F : C ! sVec
7
super fiber functor

8

all super fiber functors are isomorphic

given F : C ! sVec get equiv F̃ : C ! Rep(GF , zF )

(9.9.32) Let C1 ✓ C the unique max’l Tannakian
9
subcat

FPdim(C) odd then C = C1

either C = C1 or FPdim(C1) =
1
2FPdim(C)

Plan: 1, 2, 3, 4, 5, 6, 7, 8, 9 + sketch of proofs.
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Before the fun

Last time:
C fusion cat then Cad smallest tensor Serre subcat containing

X ⌦ X ⇤,X 2 O(C).

If G finite group then Rep(G )ad = Rep(G/ZG ):

GAV ⇒ Gnu v☒V*~_ End CV)

g. T = go To g-
1

,
TEENDCV)

⇒ G- Autcvxv't) veoce;

→
Glz?



On symmetric fusion cats:

Recall (8.1.12): C symmetric

E.g.’s (9.9.1), (9.9.3):

Rep(G ),G finite.

sVec = VecZ/2.

Rep(G , z),G finite, z 2 ZG , z2 = 1.

Plan: 1, 2, 3, 4, 5, 6, 7, 8, 9 + sketch of proofs.

Cyx 0 Cyx = id ✗☒Y

Cxy ( ✗ ☒g) = y re ☒c-X, yet)

Cxy (✗☒ g) = G)
""

y☒✗
( ✗←✗ c-nm ,yEYf,;)

2-✗ =C-1)
m

✗
✗ Ex, yay{ ZY = C-1)" Y

Cxy (✗☒g) = C-1) MY☒✗



On positive symmetric fusion cats:

Def (9.9.5): V 2 C, Sn ! AutC(V⌦n
)

P✏ =
1
n!

X

�2Sn

✏|�|� 2 k[Sn], ✏ 2 {±1}

S
"
V = P+(v☒n )

,

NV =P
- ( v☒^ )

-
1

F-
xpRecall .

X-D Y ~D Olu) = I ×X☒X*_"]Y④×*=×*⑦y
✗ = Y ~D Trlu) = evxoolw)

dimcx) = Tr ( Ix)

if ✗ -94-9 2- I → ✗④ x*→ 2-☒ ✗*

Olvu) = Olof ⑦ Ocu,
: ① peu

,

Y④Y*☒X④✗* -0% . 2- . -194 . ✗
*



On positive symmetric fusion cats:

Exer (9.9.9): dimV = ↵ )

⇢
dim⇤

nV =
�↵
n

�

dim SnV =
�↵+k�1

n

� .
= 2 (2-1) . -^ C2 -na)/n !

Say Ui : Xi → Xie ,
,

it 21h

⑦ iwi : X
, ④ . . . ☒ Xn → Xz ④ ^ . . X,

⇐ ⑦
i Xi

evnoolun-ui.TL→ × ,④☒n*x☒n¥ . . . ✗d.×,* ✗ • ✗
*
→ I

i. Tr ( un - un
,
Xi) = Tr (④iui ,¥i )

say or c- Sn
,
a cycle . } ✗ i -✗ i

⇒ Tr Cr) = dim✗
.

Ui = Ax

or has
p- cycle ⇒ Tr lo) = Cdimx)

P

☐



On positive symmetric fusion cats:

Exer (9.9.10): If
�↵
n

�
,
�↵+n�1

n

�
are alg int for all n 2 Z ) ↵ 2 Z.

-8A
☒--

Q=xd+a×dt+ . . .
c- ZCX] min poly ofd

, Cafo)
-

r¢I )) = ( I) alg int
.

tread

⇒ N ( ( K )) = II 0 (2) = NCHNK-D.n.nk-n-ulknydc-z.ITGaia)
"

⇒ Qlo) QG) . . . Qcnt) / cand ER
,
NCX- d)= C-1)dQCd),V-tea

n >> 1
,
Qcn- 1) End ⇒ bn = IQCO) . . - Qcn-1) /Cn:) d)

is decrees
. n→ I

⇒ bn = 0
, 3- n

⇒ Q has a root in 2

☐⇒ Q= ✗ * ✗

⇒ ✗ c- 2
.



On positive symmetric fusion cats:

Cor (9.9.11): C symm fusion is integral and dimX = ±FP(X ) for all X .

Def/Cor (9.9.14): C symm fusion.

C positive if dimX = FP(X ) for all X .

Exists unique Z/2 grading C = C1 � C�1 with C1 positive

X 2 C(�1)m ,Y 2 C(�1)n cmod
XY := (�1)

mncXY .

Exer (9.9.15): dimmod X = (�1)
m
dimX if X 2 C(�1)m .

Plan: 1, 2, 3, 4, 5, 6, 7, 8, 9 + sketch of proofs.

dim✗ c- 2 ,V- ✗ ¥2 !

- -

-

.

9.6.6Remi :
- e int ⇒ ew.int ⇒

%-5

Eps unit ⇒ 7 ! axs .t . dimaX=FP(x)

. Using cmod use ⇒ emo
#

IS Pos .

. @mod )m°d = C
.



On braided functors:

Recall (8.1.7): Braided functor: (F , J) : (C1, c1) ! (C
2, c2) s.t.

F (c1XY )JXY = JYX c
2
FXFY

Def (9.9.16): C symm fusion. A symm fiber func is a braided tensor

F : C ! Vec. A super fiber func is a braided tensor F : C ! sVec. If C

admits a symm fiber func it is Tannakian.

Exer (9.9.18): Tannakian cats are positive.

Def/Exer (9.9.19), (9.9.20): Let F : C ! Vec symm fiber func. Have:

AF = I (1), with I adj of F .

GF := Aut⌦(F ).

AF is a comm algebra in C and GF
⇠= Aut(AF ).

Plan: 1, 2, 3, 4, 5, 6, 7, 8, 9 + sketch of proofs.

FX.fi/-FY-FX
Jt tJxx
FXY É FXX

dim (X) _- dim C-

At

•k Ilk)=H_ ( k,k ) (7-9.10)
He CX.IN I Hv ( Fxxok

,
b)

-

I Hecx
, TICK,k) )

-

(8-8.8)
-



Sketches, pt. 1

Thm (9.9.22): All symm fiber funcs are iso.

Claim Vec I Mode CA), A = Ilk)
,
I adyots.f.fr

,

9 : Vec → Mod (A) : V→ H_ ( K
,
V) c- Mod .

U : Mod (A) → Vec : Mi→ He ( 1
,
M) c- Vee

F1⑦k

⇒ Uga) = He 11 , H-lk.li) a Hvl1Ék,v )
= Hulk, V) = V

.Given F-
.

:@→ Vec
, fl : ✗ → Hel -1

, ✗☒ A)Let fl : e.→ Vee
-

✗→ He Ck, TICK, Ex)) ~_ He (1) TICK, _X④k))
(9.9-20)

(7-25) I He (1) ✗④ H_Ck÷¥?
Given : Fi : e → Vec, Ai = Ii (b) it 41,21

→ (o . . ) TA
, I Az

⇒ Fe I Fz ☐



Sketches, pt. 2

Thm (9.9.22): F̃ : C ⇠= Rep(GF ).

Hal ✗④A,M)~_ Helx,m)

>
A = Ick )

7.8.12 ¢0
HM

,

• A-④ A ☒-gen Bimetal : Hoya, (
A-⑦Aim)~_ He 11

,
M)

[
coma

.

• Enda lA④A) I Heck
,
A-☒A) I FCA) Comm. alg .

i. M c-Sim Bimetal ⇒ }
Hel# M) I ftp.ny/AxoA,m)ldinK
MIA with right action
twisted by Gf .

⇒ 513in LAD I @
Gp (2.3--6)

•
Vec I Mode /A) ⇒ @

* f- 12-12 7.4.1

Vee
= Fun (Vec

,
Vee)~_Bime(A)

. Rep (GE ) 1- Fone ( Vec
,
Vec )%=

⇒ Rep CGF) _~¢Ivee)*vec a e
7.12.11

☐



Sketches, pt. 3

Cor (9.9.25): C braided equiv to some Rep(G , z).

E has 2/2 grading ,
end

pos .

⇒ end I Rep (G) 7- G

⇒ e = @
and)md = Redeploy

mod

= Rep (9-2) .



Sketches, pt. 4

Exer(9.9.27): Thm 9.9.22 implies

9F : C ! sVec super fiber functor

all super fiber functors are isomorphic

given F : C ! sVec get equiv F̃ : C ! Rep(GF , zF )1


