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Ais int. FPdim(b) € Z for all b€ B



Section 96' St||| € fusion D Ge () fusion Ting

9.6.1. Def: C fusionis { int. if FPdim(C) € Z a4n.

int. if FPdim(X) € Z VX, | &'¢ FPoy ™ ¥x
9.6.2. Exer: C spherical fusion, dim(X) € Z VX.

Then C is int. and dim(X) € {£FPdim(X)} VX simple.
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9.6.3. Exer: The cat Cx(q), g primitive 8" root of unity w. int. but not
int. The categories Cx(q) are not w. int. for k > 2.
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9.6.5. Prop: C w. int. fusion over C. Then C pseudo unltary

quf')_') @_—g é i a,% it D= A\,M(E.) 'D‘I ’DN @N(D))
I, ,3'4 c.cm(@/a) = dwm (gi(eM <) T D 5
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9.6.6. Cor: C w. int. fusion over C. (

Then Jlax : X =2 X** s.t. dx = FPdim(X) for all X. <.

9.6.7. Cor: H semisimple Hopf alg over k, char(k) = 0. Then S? = id.
Rep(H) ic vk (FPOY = dimp 09) 2 fine order, YV Sip
= Y sen sk giuen oy Gelle w widh ww i = S 600y W) zgaV

)Z;}\ =M 2D W<l V2 W o= D

9.6.9. Prop: C w. int. fusion. Then
e VX,3dnx € Z with FPdim(X) = \/nx (3.53)

o deg: O(X) — QF/(Q})? with deg(X) = [FPdim(X)?] is a grading.

9.6.10. Cor: C fusion with FPdim(C) odd integer. Then C is int. (3:€23)
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9.6.11. Prop: C int. fusion and M indecomposable C-mod cat.
Then C}, int. fusion.

F= Fbrej : Z(f/) — C <A
(2.1W) ") Suty (0'“‘3 Xe () s n,buJ.of
FeN ).

o) mpreseves FP
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PP e — PP Gd, BP(X) ¢ Z

9.6.12. Exer: C w. int. fusion, then C,q is int. fusion.
9.6.13. Exer: C fusion, D full abelian subcat st X € D iff FPdim(X) € Z.
Then D is fusion.
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Recall (5.11.1): C if every simple object is invertible.
E.g. (2.3.8): C = Vecg, G finite gp, w € Z3(G, k) is ptd fusion.

Vecg > V = (? Vy  G-gmbd, & fage
w

a.s;oc,.ov omes vbm we 2 (,67 h") D dw =0 o~ 'P%kﬁov\
simpeoheds 85 ge6t wikh @), . B2 ¥
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W=9 assoc. oM idw»J\'-l—iu‘,

9.7.1. Def: C fusion is gp theor if C}, = Vecg for some indec C-mod M.
9.7.2. E.g.: Classification of Vecg-module cats:

le]
Al CeVeg L U Cmuak & (K, FE,q)
Foo M=k Hw = g4eM, Ngh: Foe B, 2 Ry,
ke gn = Qe (qe 27 (6m)
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Section 9.7, still
9.7.3. Rem: M(L, %) ~por M(L', ") iff

I'=8L=glg™ and o' =& =1)(Ce,%e).

9.7.4 — 9.7.6: skip
9.7.7. Rem: gp theor fusion cats are int.

9.7.8. Def: D is a quotient of a fusion C if 3F : C — D surjective.

Recall 4.3: If 1 = @©;1; then Cjj = 1; ® C ® 1; are the components of C.
9.7.9. Prop:

(i) Subcats of gp theor fusion is gp theor fusion.

(ii) Components in a quotient of a gp theor fusion is gp theor fusion.
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G-grading: B = [[, By ~» A= ©gAg, with AgAy C Agh, Ay C Ag
faithful grading: By # 0 for all g € G

Fact: C is iff exists Cop = Vec C C; € --- € C,, = C with C; faithful
Gj-grd with trivial comp C;_1. C cycl nilp cat if G; cyclic.
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9.8.1. Def: C fusion is !f ™Mo 0 .

solv if ~ppor to a cycl nilp cat
9.8.2. Rem: FPdim(A) € Z for all cats.
9.8.3. L.em: G fin, A a G-ext.of Ao ~por Bo. AcGo <@
Then exists a G-ext B of By with & ~por A.

l
~
6\; = & o ... /Ezv—ﬁ“‘*w(e’(m
Mo SMD(
AN - B o -

2 BY Runndg 4Y.
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9.8.5. Prop: (i) The class of solv fusion cats is closed under:
@ G-extensions with G solvable,
@ G-equivariantizations with G solvable,
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tensor prods,

centers (?),
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(ii) The cats Vecg and Rep(G) are solv iff G solvable.
(iii) If A # Vec is solv then it contains a nontrivial invertible object.

o
o
o
@ subcats,
o
)

9.8.6. Question: Is Rep(H) if H is ss fin dim Hopf algebra?



