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Section 9.6: Integral and weakly integral fusion cats

Recall: Chapter 3
A (ring, free Z-mod)

B = {bi}i2I , bibj =
P

k c
k
ij bk (c

k
ij � 0) (with Z+-basis)

1 =
P

i aibi , (ai � 0) (Z+-ring)

with inv ⇤ s.t. ⌧(bib⇤j ) = �ij (based ring)

fin rank (multifusion ring)

1 2 B (fusion ring)

E.g.: ZG or RZ(G ) is fusion (G fin), Matn(Z) multifusion (n > 1)

FPdim(bi ) = max-eig�0([M
L
bi
]) and FPdim(b) = FPdim(b⇤).

R =
P

i FPdim(bi )bi reg. elem (fusion), FPdim(A) = FPdim(R).

A is w. int. FPdim(A) 2 Z

A is int. FPdim(b) 2 Z for all b 2 B
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Section 9.6, still

9.6.1. Def: C fusion is

⇢
w. int. if FPdim(C) 2 Z

int. if FPdim(X ) 2 Z 8X .

9.6.2. Exer: C spherical fusion, dim(X ) 2 Z 8X .

Then C is int. and dim(X ) 2 {±FPdim(X )} 8X simple.

9.6.3. Exer: The cat C2(q), q primitive 8
th

root of unity w. int. but not

int. The categories Ck(q) are not w. int. for k > 2.

E fusion ⇒ Gr (e) Fusion ring

"

Edis Fpcxiltxdime EFPCE) .

EYE f ÉFPCX'

PI ( e. 4) : d×= Tr
'

14×7 c- 2 it obj × , Xx : ✗ ~→X**
dim (e) = E.

✗ c-oce]

1×1" = § DX dx* = § di c- 2
.

Claim : diml-e-FP.gl 8.20.131 ⇒ 2- (e) is modular and

dime) (9-3.4)

em,

=

É a.µ ,,
⇒ can assume e modular .

⇒ FX set
.

FPCZ) = Szx it 2- c- Ole)
.

⇒ FP (e) = E Fpczih = Ez
8 """

dY,- ⇒ Re -
dime

OCK)→z = Fpce)
€2

& Rest (9.4-1) ⇒ di e = Fpce) ⇒ dx? = FPCXP YX . ☐



Section 9.6, still

9.6.5. Prop: C w. int. fusion over C. Then C pseudo unitary.

9.6.6. Cor: C w. int. fusion over C.
Then 9!aX : X ⇠= X

⇤⇤
s.t. dX = FPdim(X ) for all X .

9.6.7. Cor: H semisimple Hopf alg over k , char(k) = 0. Then S
2
= id .

9.6.9. Prop: C w. int. fusion. Then

8X , 9nX 2 Z with FPdim(X ) =
p
nX

deg : O(X ) ! Q⇥
+/(Q

⇥
+)

2
with deg(X ) = [FPdim(X )

2
] is a grading.

9.6.10. Cor: C fusion with FPdim(C) odd integer. Then C is int.

✓
FPCE) = dim (e)

(9-4.2) dime
ppe
£1 alg.int . D: = dim (e)

,
D, =D, . . . ,Dn=digmµ(D))

gn , . .. , gn c-Gail Qila) ⇒ diml9iK"_ 51 ⇒ IT Di El ⇒ ¥¥, -4 .FP ( gite)) i
Fpcgiel)

e

(9-5.1)

Rep LH ) is int IFPLX) = dimkcx)) p fin . order . ltvsimpa

⇒ 2mi. sphstr: given by gp - like u with uxu-t-SYnidtrvlwt-d.mu
⇒ ⇐di = m → di -4 Qi ⇒ u =id . ☐

(3.5.77

(3.5-8)



Section 9.6, still

9.6.11. Prop: C int. fusion and M indecomposable C-mod cat.

Then C
⇤
M int. fusion.

9.6.12. Exer: C w. int. fusion, then Cad is int. fusion.

9.6.13. Exer: C fusion, D full abelian subcat st X 2 D i↵ FPdim(X ) 2 Z.
Then D is fusion.

•) preserves FP .

F- = Forg : 2- (e) → e s-t .

(7.13-11) %) surj ( any ✗ c- Ole) is suboj . of
FCY) )

.

17.16.2) 2- (e*m) I 2- (e) ⇒ 2- lent) is int

⇒ v- ✗ c- 0Ceµ*)
,

FY
,
X
'
st

. ✗ = ✗+ X
'

(3.5-6)
FD (4) c- 2 ⇒ FPCX)

,
FPCXI ) c- 2

.

☐



Section 9.7: Group-theoretical fusion cats

Recall (5.11.1): C ptd fusion if every simple object is invertible.

E.g. (2.3.8): C = Vec
!
G , G finite gp, ! 2 Z

3
(G , k⇥) is ptd fusion.

9.7.1. Def: C fusion is gp theor if C
⇤
M

⇠= Vec
!
G for some indec C-mod M.

9.7.2. E.g.: Classification of Vec
!
G -module cats:

Vee % 2 V = ④ Vg G- graded , G fin .
gp

.

" ° " ' " "

g
aw

assoc. comes from WE Z
> (G) k×) : 01W = 0 → pentagon

simple objects 48g , geo } with @g) ✗ = } k -1--9
0

o.cn .

W=0 : assoc . are identities !

(7.4.10) e=VecÉ
.
Uh e- moa cat ⇐ (M

,
F

, M )indec .

Fg : Ul → M
, Fg (M) = 0g ☒ M

, Mgh : Fgofh - Ish

s-t-7gh.komgh-Yg.hkmhk.ly c- ZZCGA))



Section 9.7, still ,
L unique up to conj.

Given M ~D F L L G sit . 0cm) = GIL
assoc . ofm ND 4 : G×G → Fun (4L

,
k×) = : coind{k×

4 ( x,y) (b) = Mx
, y , g-4-' b

-

( pent . ) µ c- -22 ( G
,
co indite )

but H' IG
, coindinbt ) a tin ( L, k×)

:
. (eco) - mod inch .

Mr = MIL
, y)

,

LCG
, y c-till,k×)

Similarly w =/ 0 : dy = w/ ↳ [✗L 1441 , 4£ C44k*)



Section 9.7, still

9.7.3. Rem: M(L, ) ⇠Mor M(L
0, 0

) i↵

L
0
=

g
L = gLg

�1
and  0

=  g
=  (g•, g•).

9.7.4 – 9.7.6: skip

9.7.7. Rem: gp theor fusion cats are int.

9.7.8. Def: D is a quotient of a fusion C if 9F : C ! D surjective.

Recall 4.3: If 1 = �i1i then Cij = 1i ⌦ C ⌦ 1j are the components of C.

9.7.9. Prop:

(i) Subcats of gp theor fusion is gp theor fusion.

(ii) Components in a quotient of a gp theor fusion is gp theor fusion.



Section 9.8: Weakly group-theoretical fusion cats

Recall: Section 3.6, 4.14
Let (A,B) a unital based ring

Aad ⇢ A minimal based subring containing {bb
⇤
| b 2 B}

Cad smallest tensor Serre subcat containing X ⌦ X
⇤,X 2 O(C)

E.g.: If G fin grp C = Rep(G ) then Cad = Rep(G/Z (G ))

A is nilp if A = A
(0)

� A
(1)

� · · · � A
(n)

= Z.1 for some n,

with A
(1)

= Aad and A
(k)

= (A
(k�1)

)ad

C is nilp if C = C
(0)

� C
(1)

� · · · � C
(n)

= Vec for some n,

with C
(1)

= Cad and C
(k)

= (C
(k�1)

)ad

G -grading: B =
`

g Bg  A = �gAg , with AgAh ⇢ Agh,A⇤
g ⇢ Ag�1

faithful grading: Bg 6= ; for all g 2 G

Fact: C is nilp i↵ exists C0 = Vec ( C1 ( · · · ( Cn = C with Ci faithful

Gi -grd with trivial comp Ci�1. C cycl nilp cat if Gi cyclic.
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= Z.1 for some n,

with A
(1)

= Aad and A
(k)

= (A
(k�1)

)ad

C is nilp if C = C
(0)

� C
(1)

� · · · � C
(n)

= Vec for some n,

with C
(1)

= Cad and C
(k)

= (C
(k�1)

)ad

G -grading: B =
`

g Bg  A = �gAg , with AgAh ⇢ Agh,A⇤
g ⇢ Ag�1

faithful grading: Bg 6= ; for all g 2 G

Fact: C is nilp i↵ exists C0 = Vec ( C1 ( · · · ( Cn = C with Ci faithful

Gi -grd with trivial comp Ci�1. C cycl nilp cat if Gi cyclic.



Section 9.8, still

9.8.1. Def: C fusion is

⇢
w gp theor if ⇠Mor to a nilp cat

solv if ⇠Mor to a cycl nilp cat

9.8.2. Rem: FPdim(A) 2 Z for all w gp theor fusion cats.

9.8.3. Lem: G fin, A a G -ext of A0 ⇠Mor B0.

Then exists a G -ext B of B0 with C ⇠Mor A.
- A-C-Gosh

I

G = Go ④ .
. .

Bo ⇐ Bimodq (A)
Smor S

Mor

⇒FB = Bo ④ - . .

&

⇒ BE Binod
@ (A) .



Section 9.8, still

9.8.4. Prop: The class of w gp theor fusion cats is closed under:

G -extensions,

G -equivariantizations,

categorical Morita,

tensor prods,

centers,

subcats,

components of quotient cats.

D - e!-0¥, %



Section 9.8, still

9.8.5. Prop: (i) The class of solv fusion cats is closed under:

G -extensions with G solvable,

G -equivariantizations with G solvable,

categorical Morita,

tensor prods,

centers (?),

subcats,

components of quotient cats.

(ii) The cats Vec
!
G and Rep(G ) are solv i↵ G solvable.

(iii) If A 6= Vec is solv then it contains a nontrivial invertible object.

9.8.6. Question: Is Rep(H) w gp theor if H is ss fin dim Hopf algebra?
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