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conerence properties.

DEFINITION 8.1.1. A braiding (or a commutativity constraint) on a

category C is a natural isomorphism cx y : X@Y — Y ®X such that the hexagonal

diagrams —
(8.1)
Xe(YeZ)————(Ye2Z)®X
‘Eﬂx.r.z N‘
(XeY)®Z Y ®(Z®X)
m A
YeX)®Z s » Y @ (X ®2Z)
and
(8.2)

(XQY)®Z —2"2 L 70(X®Y)
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X(Y®2Z)

(Z@X)R®Y
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m cx .z Ridy

X®((Z®Y) (XRZ)®Y

Ay zv

commute for all objects X, Y, Z in C.

DEFINITION 8.1.2. A braided monoidal category is a pair consisting of a

monoidal category and a braiding.
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EXERCISE 8.2.7. Let C be a braided tensor category (not necessarily strict),
and let Xy,...,X,, € C. Let Py, P, be any parenthesized products of X, ..., X,, (in
any orders) with arbitrary insertions of unit objects 1. Let f = fc : Pr — P>
be an isomorphism, obtained as a composition C of associativity, braiding, and
unit isomorphisms and their inverses possibly tensored with identity morphisms.
Explain how C defines a braid bc. Show that if b = bor in B, then fo = for.
This statement is called Macane’s-braided coherence theorem.
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: Thus, a bialgebra twist for H is an invertible element J € H @ H such that
' (e®id)(J) = (id®e)(J) = 1, and J satisfies the twist equation

|

v (5.30) (IdRA)(J)N(dRJ) = (A@id)(J)(J @ id).

|




Coquasitriangular Hopf algebras are duals to quasitriangular Hopf algebras and
thus generalize commutative Hopf algebras.
Suppose that (A, R) is a finite dimensional quasitriangular Hopf algebra, and
- H = A*. Then R € A® A induces a bilinear form H ® H — k (which we will also
denote by R). and the properties of R € A ® A can be rewritten in terms of this
form. This motivates the following definition.

DEFINITION 8.3.19. A coquasitriangular Hopf algebra is a pair (H, R), where H
is a Hopf algebra over k and R : H® H — k (the R-form) is a convolution-invertible
bilinear form on H satisfying the following axioms:

R(h.lg) = R(hi.g)R(hs.l), R(gh,l) =" R(g.l1)R(h.l)
and

Z R(h1,g1)hoge = Zgllz.-l}?.(hg, g2) (h,g.,l € H).
If » R(hi,91)R (g2, ho) = c(g)e(h) then (H, R) is called cotriangular.
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where (w, c) = (wi,c1) " f*(wa, e2).

For an abelian group G let B, (G, k*) C Z2, (G,k*) be the subgroup of abelian
coboundaries, that is, of the abelian cocycles defined by (8.12) with f = id for all
functions £ : G x G — k™.

DEFINITION 8.4.7. The group H°, (G, k*) = Z (G, k*)/B>, (G,k*) is called

the abelian cohomology group of G with coefficients in k”.

Let Quad(G) be the group of quadratic forms with values in k™ on a finite
abelian group G. It is easy to check (and it follows from the discussion above) that
the homomorphism H7, (G, k™) = Quad(G), (w, c) — q(g) = c(g, g) is well defined.
The following result is due to Eilenberg and Mac Lane. For our proof we will need
some results which will be proved later.

THEOREM 8.4.9. The above homomorphism H?,(G,k*) — Quad(G) is an iso-
morphism. — —
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Tirnits oo f
EXAMPLE 8.3.9. Let G be a finite group. Then the underlying algebra of the
Drinfeld double D(G) := D(kG) of kG is the semidirect product Fun(G, k) x kG,

where GG acts on Fun(G,k) by conjugation, and the universal R-matrix is R =
dea g ® 0,, where 0, 1s the delta-function at g.
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