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Highlights of last time: (7.8) — (7.10)

Fix C = (C,®,1,a,/,r) a tensor category. We wish to “understand” left
C-module categories M = (M, ®, m, ).

@ Algebrasin C: A= (A, m,u)

e Right A-modules: M = (M, p)

@ The left C-module category Mod¢(A)

@ Notion of Morita equivalence of algebras

@ Internal Hom in a module category M: Hom(My, M) € C, M; € M
- Wy H My, )
Hom (X @ M1, Ma) = Home (X, Hom(My, Ms)) (&)

e Products: Hom(M,, M3) ® Hom(M;, My) — Hom(My, M3)
o Algebras Ay := Hom(M, M), right-mods Hom(M, N), (M, N € M)

(Cad) X=2 M, =M Hu (4o Mm)  How (4, Ay)
w
Um

td —)
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Characterization of module categories in terms of algebras

Assume C finite, M a left C-module category with M € M satisfying

)f(ﬁ) Hom(M, —) is right exact
(#) for all N € M exists X € C and a surjection X @ M — N.

Theorem (7.10.1)
The functor Fpy : M — Modc(Apm) given by

is an equivalence of cats.

A= Hom (M ~)
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Goals of today

Discuss the proof.
Discuss situations in which such M exists.
Category of module functors (7.11).

Dual tensor categories (7.12).

Categorical Morita equivalence (7.12).

Marcelo De Martino (Ghent University) Chapter 7, part Il January 31, 2022 5/16



Outline

© Section 7.10

Marcelo De Martino (Ghent University)

&8'- Alﬁﬁs /QMore_

/o2 Reyision ~  Gert

/(02 8l — 36\ Alexis
28/vz 8 — £7. WMiche|
{03 Lo — €14 Soma?

1%/ 9 9 Al -45 - Sax
2(/03 16~ 49 .
27/03 QD 4.2 g’,-av

04 /oy 1:‘Ugror\ Cats: Geri

Chapter 7, part Il January 31, 2022 6 /16



Proof of 7.10.1: A =f, F=TFu 2Mxed)= oy,

(1) Hom (N, Np) = Homa(F(Ny), F(N2)) for Ny = X ® M, any Ns.
FNq = H WM XeM) & L@ H (MM) = K@ A WX
H (FN”FN‘L‘) -~ HA(.Y\@A :FN‘Z) o He_ (X; )= He s, 82 (MJM)

= H/&(?‘Q’M Ne) 24y Fowged.
(2) Hom (N, Np) = HomA(F(Nl),F(Nz)) for all Ny, No.
(trg) YoM — X8M — N, 5o
Hw WvM No) €= Hp (xoM) Ne) &= Hou( Ny, M)~ O

QL AQLF
Hp (yc,,a ) e Hp (x@A Fry) & H(rdpyn) o
(3) The functor F is essentially surjective.

L& Model®) | Ly coher of vop &y Xod 5L —o

Hy (Y0h, Ko i) S Ha (R (Yo, F(ran) & H, (oM, xot)
YoM _jc_w XeM —> N — O

L = F(N) N cokes (F) . apligng ®
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Condition (w) on M of (7.10.1) H\,) = How (,19)

C

Proposition (7.10.3) C (369 H UL’H—*) s o el
If (a) M projective or (b) M exact then (W) is satisfied. Funct.

Noke  Had (COL'\-) &ql\’ ﬂ(M,—Q i3 r\\{\\\-}- ad) b
—eM D Hn o) s lely et
Smal Yoneda R alelia AB Ce€

hn

'-}-He(*lk\—%H{C\hﬁ) BHolx ) A gL’
exac)- eyaef-

05 Ny —>N >Nz 0  Ses. in J'\z if KoVl pry V¥ Xe €
= O’WHM(XU%M ) = Hy, (x@"\ NQ - Hy (%M, Ny — O
0= Hg(% H) — He ()( Hz')-—‘—)‘He(X &?)P%U

—7 9 '7H4)—'—'v‘)ﬁz 7H?/=70 QWC,‘ILI
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Condition (#) on M of (7.10.1) (6.2

Proposition (7.10.4)

If either (a) or (b) holds and M indecomposable, then () is equiv to [M]
generates Gr(M) as a Z-mod over Gr(C). —

Corollary (7.10.5)
(i) Let M be finite. Then M = Mod¢(A) for some A € C.

(ii) Let M exact and M € M s.t. [M] generates Gr(M) as a Z-module
over Gr(C). Then M = Mod¢(A) where A= Hom(M, M).

C}Qo\) E vl ‘FV\&L,Lr/ M ot =) temd—
rh——’—) A/ / ?@M =0 = M=o
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Section 7.11 Fon ( My

Definition
Let Fun¢(M;i, M2) denote the full subcat of the cat of module functors
consiting of right exact functors.

Proposition

The following is true regarding Fung(M7y, M>):

(7.11.1) If M; = Mod¢(A;), then Bimode (A1, Az) = Fung(My, Mb).
(7.11.3) If M;,j =1,2,3 are exact the composition below is bi-exact:

(ﬁ\)'_ Func(My, M3) x Fung(Mi, M3) — Fung(M;y, M3).

(7.11.5) Any F € Fun¢(M1, M) maps proj into proj if M; are exact.
7.11.6) If C is finite and M exact then Fun¢(My, M5) is finite.
—ep——
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Sketch of proof of Proposition

An (Aq, A —Yoimod oS A -klplf, LM|T>MD) Meé

“Hoo ) M) ek M- mod
A (.MJD r.\OH- Kq- Mod

3) émg M\)@ Ay o~ A @6@ A
Por | J 1o9
Mg A’l —'1—3 (2 EL A\ @M
Ha equv. s realine d L>j

Bmadlh )2 M > — C&A1M
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Dual tensor categories

Proposition -

If F: M — N a module functor, M, N exact, then G, the right adjoint
of F is a module functor.

Definition

The cat C} := Fung(M, M) is the dual tensor cat to C w.r.t. M. J

[ nece proPecL‘es'. M{mcl-[ —7

Marcelo De Martino (Ghent University) Chapter 7, part Il January 31, 2022 14 / 16



Dual tensor categories

Theorem (7.12.11)
Suppose M is faithful. Then C is equivalent to (C3,)}-

—

[ indtagmp.
M et » M = M,
ieT
sl = A,
iel

M fath bl L ek A s by o
ron—- Hio /\'uw\o-lqr on M
Me— ﬁ;@ M e M
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Categorical Morita

Definition
Let C, D be tensor categories. They are categorically Morita equivalent if
there exists an exact module cat M with D" = C} .

Proposition
Categorical Morita is an equivalence relation.
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