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2 Section 7.10
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Highlights of last time: (7.8) – (7.10)

Fix C = (C,⊗, 1, a, l , r) a tensor category. We wish to “understand” left
C-module categories M = (M,⊗,m, l).

Algebras in C: A = (A,m, u)

Right A-modules: M = (M, p)

The left C-module category ModC(A)

Notion of Morita equivalence of algebras

Internal Hom in a module category M: Hom(M1,M2) ∈ C, Mi ∈ M

HomM(X ⊗M1,M2) ∼= HomC(X ,Hom(M1,M2)) ( )

Products: Hom(M2,M3)⊗ Hom(M1,M2) → Hom(M1,M3)

Algebras AM := Hom(M,M), right-mods Hom(M,N), (M,N ∈ M)
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( cat) 11--1
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Mi = M Hµ ( A-⑦ M
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, Am)
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Characterization of module categories in terms of algebras

Assume C finite, M a left C-module category with M ∈ M satisfying

( ) Hom(M,−) is right exact

( ) for all N ∈ M exists X ∈ C and a surjection X ⊗M → N.

Theorem (7.10.1)

The functor FM : M → ModC(AM) given by

FM(N) = Hom(M,N)

is an equivalence of cats.
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Goals of today

Discuss the proof.

Discuss situations in which such M exists.

Category of module functors (7.11).

Dual tensor categories (7.12).

Categorical Morita equivalence (7.12).
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Outline

1 Recap

2 Section 7.10

3 Section 7.11

4 Section 7.12
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Proof of 7.10.1:

(1) HomM(N1,N2) ∼= HomA(F (N1),F (N2)) for N1 = X ⊗M, any N2.

(2) HomM(N1,N2) ∼= HomA(F (N1),F (N2)) for all N1,N2.

(3) The functor F is essentially surjective.
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A = Am
,
F = FM H_ (Mixon) = ✗☒Hemp

-

FNn = 111M,
✗⑦M) I ✗④ H_ ( M ,

M) = ✗④ A tx .

i. Ha (FN, ,FNz) I Ha(X☒A, FN2)
Ñ He (X, FNN = He CX, II (M , NN)

I Hµ( ✗⑦M , Not\ adj Forget .NT

(Ginger) Y ④ M → ✗④M → N, →0

i. Hm CY M
, Nz) C- Hn (✗④M ,

Nz) ← Hulme
,
Nz)C- 0

Gd sit at F
H
# (Y⑦A,FNz) ← Hq (✗☒A,FNz)← Haffner ,fNz) c-0

L c- ModelA)
,
L is coker of ✗☒ A ✗☒ A → 1- →0

tax) I HACFCYXOMI , Flxxom)) = HµfYÉ④M)
Y☒MÉ ✗④ M → N → O

L = FCN)
,
N cokes (f) . aplisingf
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Condition ( ) on M of (7.10.1)

Proposition (7.10.3)

If (a) M projective or (b) M exact then ( ) is satisfied.
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H_j:=Hom(M,Nj)

[ (7-6.9) tI(M,
-) is a mod

tarot
.

-
-
-

Note that ( cat)eq1 HIM
, -7 is right adj to

- ☒ M ⇒ TICM
,
- ) is left exact .

"

smaUYon-ed.ae abelia
,
A. B

,
Cee

if He'( KA) He CXIB) Hecx
, c) ⇒ A -4B¥ c

"

exact exact .
-

☐→ Nn→ Nz→ Nz -20 5. E. s . in M
, if ✗⑦M prog. V- ✗ c- e

⇒ 0 → Hm ( ✗☒Mini) → Hm (✗☒ M , Nz) → Hm / ✗☒ M,Nz) → 0

SI si SI
0 → He ( X , # a) → He ( X

,
#e) → He (41+-3)-70

⇒ 0→H→,→H→→H_ a.→
u exact !
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Condition ( ) on M of (7.10.1)

Proposition (7.10.4)

If either (a) or (b) holds and M indecomposable, then ( ) is equiv to [M]
generates Gr(M) as a Z+-mod over Gr(C).

Corollary (7.10.5)

(i) Let M be finite. Then M ∼= ModC(A) for some A ∈ C.
(ii) Let M exact and M ∈ M s.t. [M] generates Gr(M) as a Z+-module

over Gr(C). Then M ∼= ModC(A) where A = Hom(M,M).
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(7
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Section 7.7 !

-

__o-

(7.6-9) F mod . functor
,
M
exact ⇒ f- exact

F. M-7N ; P☒M=0⇒M
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Section 7.11

Definition

Let FunC(M1,M2) denote the full subcat of the cat of module functors
consiting of right exact functors.

Proposition

The following is true regarding FunC(M1,M2):

(7.11.1) If Mj = ModC(Aj), then BimodC(A1,A2) ∼= FunC(M1,M2).

(7.11.3) If Mj , j = 1, 2, 3 are exact the composition below is bi-exact:

FunC(M2,M3)× FunC(M1,M2) → FunC(M1,M3).

(7.11.5) Any F ∈ FunC(M1,M2) maps proj into proj if Mj are exact.

(7.11.6) If C is finite and Mj exact then FunC(M1,M2) is finite.
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Sketch of proof of Proposition
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An / Aa
,
Az) - bimod is a triple 1M , pig) , Mee

S.t. 1) (Mip) left Ai - Mod .

2) (Mcg) right Az - Mod

3) A(i④M)④ Az e Ai ☒ G.☒ d-A

POHL d 1×09

M④ Az ^→ M ←P At ⑦M

the equiv . is realized by

Bimodln-i.AM M 1-7 - ④ A,
M
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Dual tensor categories

Proposition

If F : M → N a module functor, M,N exact, then G , the right adjoint
of F is a module functor.

Definition

The cat C∗
M := FunC(M,M) is the dual tensor cat to C w.r.t. M.
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÷
for nice properties : M exact !
I
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Dual tensor categories

Theorem (7.12.11)

Suppose M is faithful. Then C is equivalent to (C∗
M)∗M.
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f indeaomp.

M exact no M - ⑦ Mi
i c-I

e ⇒ A- = ⑦ Ii
i c- I

M faithful if each Ii acts by a
non-zero functor on M .

Mi→ Ii ⑦ M c-M



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Categorical Morita

Definition
Let C,D be tensor categories. They are categorically Morita equivalent if
there exists an exact module cat M with Dop ∼= C∗

M.

Proposition

Categorical Morita is an equivalence relation.
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