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Previously ...

§7.1
Definition of (left) module category over C: M = (M,⌦,m, l)

Structures on M vs. monoidal functors F : C ! End(M)

Abstract nonsense: HomM(X
⇤ ⌦M,N) ⇠= HomM(M,X ⌦ N)

§7.2
C-module functors: (F , s) 2 FunC(M1,M2)

Category of C-module functors

§7.3
Module cat’s for C (multi)tensor

§7.5
Exact module categories
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... previously, still.

§7.6: Assume M is an exact C-module category

M has enough projectives

M is completely reducible: M = �i2IMi , Mi indecomposable cat’s

F : M1 ! M2 additive module functor, M1 exact ) F exact

Proposition

If P 2 C nonzero, X 2 M and P ⌦ X = 0 then X = 0
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Section 7.7

Proposition

M/C indecomposable exact module category. Then, Gr(M) is an

irreducible Z+-module over Gr(C).
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Algebras in C
Assume C is a (multi)tensor category. We will describe a general

construction to obtain module categories over C.

Definition

A triple (A,m, u) with A 2 C, m : A⌦ A ! A, u : 1 ! A is called an

algebra in C if the following diagrams commute:
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Examples of Algebras

Fun(G ), functions on a finite group G is an algebra in Rep(G ).

Proposition

If X 2 C then A = X ⌦ X
⇤
is an algebra in C.
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Modules over algebras in C

Definition

A right module over (A,m, u) in C is a pair (M, p) with M 2 C and

p : M ⌦ A ! M such that the following diagrams commute:

Proposition

If (M, p) a right C-module then (
⇤
M, q) is a left C-module with q the

image of p under:
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Properties of Algebras

Proposition

The category M = ModC(A) is a left C-module category.
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Properties of Algebras

Proposition (adjointness of X 7! X ⌦ A and Forg : ModC(A) ! C)
For any X 2 C, M 2 ModC(A) there is a natural isomorphism

HomA(X ⌦ A,M) ⇠= HomC(X ,Forg(M)).
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Properties of Algebras

Proposition

For any M 2 ModC(A) there is a surjection X ⌦ A ! M for some X 2 C.

Proposition

If C has enough projectives then ModC(A) has enough projectives.
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Further definitions

Definition

Two algebras A,B in C are Morita equivalent if ModC(A) ⇠= ModC(B).

Definition

An algebra A in C is called exact if ModC(A) is exact.

Definition

Let (M, p) and (N, q) right and left A-mods. Then M ⌦A N is the coeq of
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Properties of the tensor over A

Proposition

Let (M, p) and (N, q) right and left A-mods. Then M ⌦A A ⇠= M and

A⌦A N ⇠= N. Further, the functor �⌦A � is bi-right exact.

Proposition

If M,N right A-mods, then HomC(M ⌦A
⇤
N,X ) ⇠= HomA(M,X ⌦ N).
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Fix C finite tensor cat, M a C-module cat, M1,M2 2 M

C ! Vec, X 7! HomM(X ⌦M1,M2).

Definition

The object Hom(M1,M2) 2 C representing the above functor is called the

internal Hom from M1 to M2.

Proposition

The assignment Mop ⇥M ! C, with (M1,M2) 7! Hom(M1,M2) is

(bi)-functorial. Further, Hom is left exact in both variables.
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Proposition

There are natural isomorphisms

HomM(X ⌦M1,M2)
⇠= HomC(X ,Hom(M1,M2)) (1)

HomM(M1,X ⌦M2)
⇠= HomC(1,X ⌦ Hom(M1,M2)) (2)

Hom(M1,X ⌦M2)
⇠= X ⌦ Hom(M1,M2) (3)

Hom(X ⌦M1,M2)
⇠= Hom(M1,M2)⌦ X

⇤
(4)
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Proposition

If M 2 M then FM : M ! C with N 7! Hom(M,N) is a C-mod functor.

Corollary

If M is exact, then the bifunctor Hom is exact.
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Proposition

(1) If Hom is exact in the second variable then M is exact.

(2) M1,M2 nonzero module cats and any F : M1 ! M2 is exact.

Then, M1 is exact.

(M exact i↵ P 2 C proj ) P ⌦M 2 M proj, for all M 2 M )
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What does Hom look like in ModC(A)?

Proposition

AM := Hom(M,M) is an algebra in C for all M 2 M and Hom(M,N) is a

right A-module.

Recall �X : HomC(X ,H1,2)
⇠= HomM(X ⌦M1,M2)
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Assume: C finite (multi)tensor category, M a C-module category and

M 2 M such that

(1) Hom(M,�) : M ! C is right exact

(2) For any N 2 M there is X 2 C and a surjection X ⌦M ! N.

Theorem

The functor FM : M ! ModC(AM) given by

FM(N) = Hom(M,N)

is an equivalence of cats.
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