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Previously ...

§7.1
@ Definition of (left) module category over C: M = (M, ®, m, )
@ Structures on M vs. monoidal functors F : C — End(M)
@ Abstract nonsense: Hom((X* @ M, N) = Hom (M, X @ N)
§7.2
e C-module functors: (F,s) € Func(My, M>)
o Category of C-module functors
§7.3
e Module cat's for C (multi)tensor
§7.5

@ Exact module categories
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. previously, still.

§7.6: Assume M is an exact C-module category
@ M has enough projectives
o M is completely reducible: M = @;c;M;, M; indecomposable cat's

e F: M; — Mo> additive module functor, M7 exact = F exact

Proposition asswme.End (1) =k
If P € C nonzero, X € M and P® X =0 then X =0 J

iﬂ_ (}Otv/) )\lP ? . :ﬂ_ h)‘
g LDt

™
r— ono |

X & 4x — PP x S Fp.(p) = O

W ning VeexVee @+ (U )0) » (0,W) = (99
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Section 7.7

Proposition

M /C indecomposable exact module category. Then, Gr(M) is an
irreducible Z-module over Gr(C).

(Omit Jl >
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Algebras in C

Assume C is a (multi)tensor category. We will describe a general
construction to obtain module categories over C.

Definition

A triple (A,m,u) with AcC, m: AQA— A, u:1— Ais called an
algebra in C if the following diagrams commute:

(AA. A N A(pe A)

M-L 4 J'M

<¢
A- A AN
\A %

( 63 )
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Examples of Algebras

@ Fun(G), functions on a finite group G is an algebra in Rep(G).

W(4eq) = -'ﬁﬁ X U:Jrrtv9>"——7u>?j*—%)v3‘

Proposition
If X € C then A= X ® X* is an algebra in C. J

Wi 4 x5 A = x.x?

M AA =R () L xT
A 6(* Q).X*._’\_ A
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Modules over algebras in C

Definition

A right module over (A, m,u) in C is a pair (M, p) with M € C and
p: M® A — M such that the following diagrams commute:

(ST M-((IA-/%) P IV
P =
M. A ; ny I
\Y 7- M'A’ le/\ :P M
JM/ >

Proposition

If (M, p) a right C-module then (*M, q) is a left C-module with g the

image of p under: =

@: He (M-A M) & Hy (F M, a5
LN *
- Wip € Cantin, o)
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Properties of Algebras Need (M) ® )W )t diagy-

+ aloc leéw,
Proposition regrd),.,
The category M = Mod¢(A) is a left C-module category. J
(Myp) e M (%m)e A 2% (m
4 Xe&M(X'MVl)GMt 2

N
Xew

DB M M

@ %X;\/JM = XM ZM: i
. L
Qe b () Holup) | P8 :
Moa M \._%-)--'
A —— N (R R NER-SUIN VIV S
Pl ¥ “l\ﬂ k’# L og b
M — () My v
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Properties of Algebras

Proposition (adjointness of X — X ® A and Forg : Mod¢(A) — C)

For any X € C, M € Mod¢(A) there is a natural isomorphism
Homa(X ® A, M) = Home(X, Forg(M)).

m [?;
HA (X'A)M‘) HC (X) V\\>
\Jlé /\\P_/7

¢ = ( U)\(-A—ag—vvv)

Y@ = (xn Ly men T M>
Cleck, ®(g) & Ha, be P = i, Lbo b=H.
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Properties of Algebras

Proposition

For any M € Mod¢(A) there is a surjection X ® A — M for some X € C. }

M-4 ,va_5 M h—) (,Yd-v\o? IS TSo
K l’ P I = M.a s epi
- A —3 ).
M.A —— M i ?
Proposition
If C has enough projectives then Mod:(A) has enough projectives. J

PCM)L/& & Modo(H) HomA ( Pw. A=)

N
<
D
P (m) » M) ‘Homﬂ ( pow -—)
/
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Further definitions

Definition

Two algebras A, B in C are Morita equivalent if Mod¢(A) = Mod¢(B).

Definition @®
An algebra A in C is called exact if Mod¢(A) is exact.

Definition

Let (M, p) and (N, q) right and left A-mods. Then M ®4 N is the coeq of

(p.fd‘: -E-
)) M,M __Ea? MOP(M

Gd - =g
( T(,OS—: ﬂ°%>

Marcelo De Martino (Ghent University) Chapter 7, part Il

M. A« N

December 16, 2021 14 / 24



Properties of the tensor over A
Proposition

Let (M, p) and (N, q) right and left A-mods. Then M ®4 A =~ M and
A®p N = N. Further, the functor — ®4 — is bi-right exact.

Ml 2 M Y o Uo 1

P- J/'“ | S @p= ywu el
M' A- A- ._3 M . A L; M - T)U rv;,
T
s ™M \) M@/P:IIJ)‘.Q \V o td
Proposition &4

mn
If M, N right A-mods, then Hom¢(M ®4 *N, X) = Homa(M, X @ N). J

M X-N
J > CNE
Med —DSM. (R, g) oy (MAR). 0 T3 (Mrfe) N
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Fix C finite tensor cat, M a C-module cat, My, M, €¢ M

C — Vec, X — Homap (X @ My, Mp).

Hy
At

The object Hom(M;, M,) € C representing the above functor is called the
internal Hom from M7 to M.

Definition

Proposition

The assignment M x M — C, with (M, My) — Hom(My, M) is
(bi)-functorial. Further, Hom is left exact in both variables.

, \
Fix M4 ) —{!Mg'—‘? M?, : d.l,-\-"v\t :e = H_(MA)-\(S{)

te/ﬁ'—(/ HV\ (Hm_’ M'\, M/L) = ;"\e (Hﬂ.) ﬂl.t) 9_}_&_
HV\ Ui\.l" ”“;ML’) = He U-’—,fm_’ *:ji
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Proposition
There are natural isomorphisms

©@ef)  Homu(X @ My, M
Hom (M1, X @ M,

— Hom(l\/ll,X Q My
Hom(X ® My, M,

Home (X, Hom(My, Ms)) (1)
Hom¢ (1, X ® Hom(M;, Ms)) (2)
X ® Hom(My, M) (3)
Hom(My, M) ® X* (4)

R 1R 1R

)
B He (Y Hon (M e m)) 2 Ha OF. MY my)

% M 7 () Ma)
o~ \Q(X 'V)Ht,£>

- H{ (7{) X'Hlﬂ)
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Proposition
If M € M then Fp: M — C with N — Hom(M, N) is a C-mod functor. J

Sxon: Ry (% 0) = Hom (W n) = X T O

If M is exact, then the bifunctor Hom is exact.

Corollary J

= \low \‘fOW\ ! g;‘o} ! ond a‘m\ﬂ
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Proposition
(1) If Hom is exact in the second variable then M is exact.

(2) M1, M3 nonzero module cats and any F : M; — M, is exact. Kemes

Then, M; is exact. —

T
) Pooy = H, (DM =) = H@CP) @Cmr))

'
ne .:> HM (,P-M) __) s ewct.
(M exact iff P € C proj = P® M € M proj, for all M € M)

(2) M . MF e ]:uv\c va\q,\e) = F 5 exa e

2%
”%‘ 0+ m = XZ(_), M s exact
Cg'\'a‘ .= o M exac
XM o0 =) %% T oexact
M (N)—) i$ {xxc-\—) (n = (.
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What does Hom look like in Mod¢(A)?

Proposition

Awm : is an algebra in C for all M € M and Hom(M, N) is a
right A-modute:

Recall ¢x : Home(X, Hy 5) = Hom (X @ My, Ma)

K= \:L,Q ~p 6\1‘11—:&{)(;&) A W d=z .

f'- (H..leg- \L_i,,,,_\- M, == i’iz,g" <'H_I,Z‘Ml>

~ |=7 .=
—> \:\_zs‘ Ma Sy, Mo Z=3 v
e\Q ! \=2 ?‘

-
1123 » T e > L3
Marcelo De Martino (Ghent University) Chapter 7, part Il December 16, 2021 21 /24




Outline

© Section 7.10

Marcelo De Martino (Ghent University)

Chapter 7, part Il



Assume: C finite (multi)tensor category, M a C-module category and
M e M such that

(1) Hom(M, =) : M — C is right exact
(2) For any N € M there is X € C and a surjection X @ M — N
Theorem

The functor Fpy : M — Mod¢(Anm) given by

Fum(N) = Hom(M, N)

is an equivalence of cats.
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