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Category O is decomposable:

O =
�

χ

Oχ

Theorem (Theorem 4.6)

The blocks of O are precisely the subcategories consisting of
modules whose composition factors all have highest weights
linked by W[λ] to an antidominant weight λ. Thus the blocks are
in natural bijection with antidominant (or alternatively, dominant)
weights.

Denote the block associated to an antidominant weight λ by Oλ.



Translation functor T µ
λ



Translation functor T µ
λ



Overview

� Basic properties of Tµ
λ (7.1-7.2)

� Weyl group geometry
� Facets (7.3)
� Non-integral weights (7.4)
� Key-lemma (7.5)

� Easy: translation from facet to facet closure
� Verma modules (7.6)
� Simple modules (7.7)
� Categorical equivalences (7.8)
� Simple modules again (7.9)
� Characters (7.10)

� Hard: translations from facet closure to facet
� Projective modules (7.11)
� Translation from a wall (7.12-7.14)
� Translation across a wall (7.15)
� Self-dual projectives (7.16)



Basic properties

Theorem

If λ, µ ∈ h∗, with µ− λ ∈ Λ , the exact functor Tµ
λ

� commutes with the duality functor
� takes projective modules to projective modules.
� Tµ

λ (M(λ)) has a standard filtration with M(µ) as a
subquotient.





Theorem (Adjoint functor property)

Let λ, µ ∈ h∗ be compatible. Then Tµ
λ is left and right adjoint to

T λ
µ :

HomO(T
µ
λ (M),N) ∼= HomO(M,T λ

µ (N))

for all M,N ∈ O.





Exercise

Let g = sl(2,C). Show that Tµ
λ need not take Verma modules to

Verma modules. For example, let λ = 1 and µ = −3.



Facets

Definition

a facet F is a nonempty subset of E determined by a partition
of φ+ into disjoint subsets φ0

F , φ+
F , φ−

F :

λ ∈ F ⇔





�λ+ ρ,α∨� = 0 when α ∈ φ0
F ,

�λ+ ρ,α∨� > 0 when α ∈ φ+
F ,

�λ+ ρ,α∨� < 0 when α ∈ φ−
F ,

Clearly the closure F is obtained by replacing > by ≥ and < by
≤.





Upper closure

Definition

The upper closure �F of the facet F is defined by the conditions

λ ∈ �F ⇔





�λ+ ρ,α∨� = 0 when α ∈ φ0
F ,

�λ+ ρ,α∨� > 0 when α ∈ φ+
F ,

�λ+ ρ,α∨� ≤ 0 when α ∈ φ−
F ,



Exercise

Let F be a facet in E.
� Prove that F is the union of the facets F � for which

φ+
F � ⊂ φ+

F and φ−
F � ⊂ φ−

F .

� Prove that �F is the union of the facets F � ⊂ F satisfying for
every α > 0 the condition:

�λ+ ρ,α∨� ≤ 0 for all λ ∈ F � ⇔ �λ+ ρ,α∨� ≤ 0 for all λ ∈ F .



Theorem

Upper closures of facets have the following properties:
� Each facet lies in the upper closure of a unique chamber.
� If the facet F lies in the upper closure of the chamber C,

then F ⊂ C.



Non-integral weights



Proposition

Let λ ∈ h∗ , with stabilizer W
◦
λ in W[λ]

� For all w ∈ W[λ] , we have λ− w · λ = λ� − w · λ� , while
(w · λ)� = w · λ�.

� The stabilizer of λ� in W[λ] is W
◦
λ .

� Suppose φ[λ] = φ[µ] = φ[λ+µ] . Then (λ+ µ)� = λ� + µ�.





Exercise

Show that W
◦
λ is the group which fixes pointwise the facet

F ⊂ E(λ) to which λ� belongs; in turn, W
◦
λ is the group fixing F

pointwise.



Key lemma

Lemma

Let λ, µ ∈ h∗ be compatible, with ν := µ− λ ∈ Γ and ν the
unique W-conjugate of ν lying in Λ+ . Assume that λ� lies in a
facet F of E(λ), while µ� lies in the closure F . Then for all
weights ν � �= ν of L(ν), the weight λ+ ν � is not linked by
W[λ] = W[µ] to λ+ ν = µ.















Exercise

Exercise. How does the proof simplify if both λ� and µ� are
assumed to lie in C?
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