
Humphrey 's : BGG resolutions
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§ 6.2

Thin be At . There is an exact seq . (Dod , 2.)→ Lcd)

s -t . DE has stol fitt with ( Dil : Mcw .H) - 1 , two-W
"!

sketch : Assume b - O fer- coats : oj
- yptb

(A) Let ni E V = 9lb I { or , . . .

,
um} basis

hits V : - di ⇒ vi

hits 1kV !
- E Lij a vein - - - r oik

(B) Dk : = Indef ( MV) , has std tilt . (3.6)
⇒ Do = Mio) ( NV = triv )
Dm = M two. O) ( h . Vin ..- nom = - 2pct) on-nvm)

(c) Introduce 2K : Dk→Dk- i
,
E ( general construction)

(D) Dia : = Dk in 0×0 ( principal block)

CE) Apply To
>
to pass from L (o) → Lcd) D

Details are in § 6.3 - § 6.5

Claim Each Dk has std filtration

PI M = 1kV 2 I Z, , . . .

, -2N I

Wtscm) ? h Mi , . . ., Mn )

Mi Eluj ⇒ is j



ND O E MN E . - - E Ma E M ,
= Dk

of
Mj : e Indy ( Zj , . . , Zn>

Sit -

Miyagi, = M Cluj) D

Example of = sets) ,
Olt - ha , B , J -- Atp }

✓ 24 ra
, op , or }

wts'
.

- 2 -

p
- a- p

m ;= A'V2 loan or ,
-

opnor , varvel
Wtsi

.

- (22T p) - (at 2ps) - Htp)

Now : M3 - µ , =
1¥

xx ( rang) - xa.ranrrtranxe.ro c-( ran op)
Xp (van or) = xpEnvy + van xp or = O

Xp ( rang) = Xp og nor + of nxrrr = O

o: Van or is HWV modulo Mz .

Further W
'"
. O = { sasp . 0=-122+8) ,

÷ W
'M

. O * Wfs ( jessa
o O = - Ktp) }



Recall M = M
"

V- Me 0

Claim : M
,
NEO

,
ye Homo ( M, N) ⇒ 4 (MX ) ENX

PI v E M
"

,
z e Zig) ⇒ (Z- XCZD

"
v = O

,
In

⇒ O = (Z- Xczi)
"
e lot D

•

°

. (Doo
,
2.)→ LCH exact ⇒ ( Dalia.")→ La) exact

Def Tw : = Oth w Clo )

Tw : = Oth w ( lot )

Notation : IT E lot ⇒ IF - fax e g* .

Lemmy : µ= w . O occurs in new' V

PI lot = Ot n ( w ft u w g)

= Tw u Tw
-

t

w lot = w lot n @ tu 017

= Tw v f- Tw )

⇒ w . O = up - p
= E (Fw - Ftw) - ( Fw +Ful D

= -In



Lemme µ - w . O occurs only once in A. V

PI we show : IT Colt st . I = Fw ⇒ T= Tw .

Clear elw) =D

Suppose lcw) = k 70

⇒ ll saw) = k - I
,

FLEA

cos, ⇒ w 'd so

⇒ f LE Tw(w
'

)
-'

y > O w
'

= saw

⇒hefty
Claim Tw = Sattar , u lay (t)

PI : Have

sa Tw ' = Sa ( lot n w
' of

- I saw
'

= ( 0h14 uh-al ) n wto-

CLE Tw s wot) = ( 07h21) n w0=7124 u sa (Tiwi) = lot n w
-

= In .

D

Back to the Lemma :

IT E Olt
,
I = Two p - up

⇒ SIT = (p- a) - soup = ( p- w'p) - L
-

= Fw



LET ⇒ SIT E lot

⇒ Salt uhay E lot

⇒ saltus = Fw '

( 1H) ⇒ Twi = Satu 14

⇒ a E Tw, (contr. )

i
.

LE IT

Let IT ' = Sa (Nhat ) E lot

⇒ I
'
= Fw ,

F - Tw

(1H) ⇒ I
'
= ITI

⇒ IT = sa Ctw) u 421 = Tw D

so far we showed :

• Wtf DM ) - fu . O
,
we W'

" I
• DI has a slot filtration .

Question Extolmcw.H.MCwl.tl ) = ?

if be At
,
llw) = llw ' )

.



Thin #
"d e ft

(a) Extol MCM , Mal) to ⇒ µ Td , µ * I

(b) be At , w ,
w
'
E W

.

Then

Exto ( M (w . H
,

M (w :b)) # O ⇒ w 's w
⇒ ecus a ecw's

Pfi (a) ( 3. la,) ⇒ µ # d . Given
4 PCM

f
← fit

O → Mcd) → Mt> MCM)→ O CH

i.←
if r E Mlm ,

X , y e Pl µ) s.t. r = Tx = Ty

O = it Cx- y) = gp ( x- y)
⇒ ycx-y) E im Cf) ⇒ UH-y ) c- Mcd)

if's 4p/m) n imf = O ⇒ o ( v) = 41×7
,
Fxettt

⇒ CH splits

(3.10) O E Po E P, C - - - C Ph -- Phu)
, Pil pie, I MCM;)

G. u) (Dfw)
'

: M Cti)) = [ Mini) : Lgu)] so

CS- l) µ
T lui ti
-

f- (MCM) n y (Pla))#O ⇒ 4 Pi n flMas) ,
Ii min .

⇒ 4117 : Pi→ Mlb)
→ Pills

.
= Mcm;)

⇒ µ Tb
⇒ CMC 'd : LGUID o ⇒ Init .



(b) de At ⇒ µ = Wood
is antidom regular

i. Extol M(word , Mcw!H) to
Ca) ⇒ wwo.lu T w'wo . µ

& w #w
'

(5.2) =) wwo L w
'
Wo

⇒ w > w
'

D

General construction of flitton - stamb .]

From LA cohomology : M g - module , Vlog)
- Hiv

n I prog. real
.

Hn ( g , M) = Extra ( Ngl , M) f of triv .

= Hn ( Homa ( I , M))

Notations : Ek : = ein - - - nek Fei
,
-- -seek C-of

Iii := ein . . . rein . . - Aek

Cic ;) Iii" := ein . - - rein
. . - rein . . . nek

Def : Pk : = U ④ N' of

2k(u④Ek) = ? C-is
"'

uei ④ E!

+ §.

U④ Cei
,ein Eiji

Prep : 2K - , 2K = O Fk
.



Introduce filtration on Pk=U④Ag
, gzo :

F-
9
:= span { Em En / Mtn - g}

PBW basis wit . her , . . . , ed I d - dingy

F-9pm = f- 9h Pn

Def : wth ( W .
"

,
2.9 ) a complex with .

9

Wn
'

-

= Fa Pn ( Fa
-'

Pn

2 ! (u④ En) = 2n ( u ④ En) mod F
"

= ? C-nitieee
,

④ Eni

Thm . W
9 exact Hq Z O

'

-

Cor : I = ( Poe
,
2• ) is a free - read . of triv .

Pf : From SES F-9-
'
I ↳ F9I →, we

9

Itn (KP) -- O
"

Hn CF'
-'

PI E Hn CHI )
,

tu

FOI = o → Vlog ) → Vlog) → 0

⇒ Hn (FOI ) = O Hn

( induction) ⇒ Hn ( F9I ) = O th , 9

⇒ Hn CE) = O D



Moral of the story : all goes through relatively
The relative version for ( g , lb) :

CBGG]

Dk = U ④ A
"

( glib)
Uab)

5k ( U④ Ik) = ? C-hi uei ④ Efi
in 9lb
I

+ ⇐ C-is"iu④[ei,eIno!
"

with Ik = v, n - - - noise n
" ( glib)

ei C- of a represent . of oi

Is an exact complex .
I

§ 6.6 . Thm (Bott) bent, dim Hk ( ri
,
LCH) = I want

sketch Hk ( n; LCH) = Exthn
.

( E
,
LCH)

taken
w f

. Ot I Ext kn
.

( LCH
"

,
EV ) to be BGA

•
/ resol !

.
= Hk ( Hom n- ( Me , Q) );

Me any Ulm ) - prog . resol . of Lcd) .

⇒ Hann- ( MIM ,
G ) E ( Mccullen- mqw,)*= E - µ

⇒ Hom
n
- ( DK

,

E ) =
we

n
Cl
- web

⇒ H
"
( Hom

n
-

( E .
,
E)) = we④wca, Q- w . > A



→ Hom ( Dii , E)→ Hom (Diii , E)- -- -

511 511

- - i →°we④ww, E-win Iowan, E- as "
-

u

Remarks on Uniqueness of BGG - resolutions ( 6.7, 6.8) .

Let C- = ( E.
.
8.) Es Lcd) be a BGG -res

Rewrite it as E - ( ooo
,

E
. )

C: = wetowcn, Mlw . do )
,
I :=w;'d

Ek : CI → Citi

( Note : CI = Cm
-is ,

Ek - Om-k)
Now :

Eklmcw
. so,
# O ⇒ Mlw . 5) ↳ Mcw:o)

,

⇒ w C w
'

Notation ( Def

w → w
'

: map
M (w. 5) ↳ Mcw:b

.

)

wks w
'

: when w
'
= Saw ,
I a > O



Remairks :
(r) w→ w

'

is defined up to a scalar

call it e (w, w
') E Q

(2) e ( w , w
' ) = 0 if I w → w

'

(3) C- = ( Coi
,
E
.) defines a matrix

E = ( e ( w ,w ' ) ) wire W

Def : Let ( wi
,
we

,
wz
, wa ) e W

"
s -
t .

>
NZ

/ t
Wn 7W4
I wz
/

These elements are said to form a square .

Fact (BLACK BOX)

suppose lcwg) = l (wi ) -12 .

Then
,

F exactly two w
,
w
'
e W sit .

→we,
W1
yw , /W4 I



Examine : If W - W ( Izu )) -- Cst) dihedral

s - its → sts

→ e e
n
,

e \ \ no
\
,
-

,
I s

y
'

t → st- tst

llw) : O 1 2 3 4

Claim : The matrix E - ECE) satisfies

(*) e.(wz ,W¢)e(wi ,Wz)te(was
,
Wa) ecwa ,wz) - O

whenever ( Wn
,
we

,
was
,
Wa) form a square

sketch :

Have f w → w
'

⇐ waw
'

Ek are determined by Elmcw . do)
,

two- W
"

From fact

W2

→ →
Wy Wy
→ wz→

No apply that EZ = 0

a



Thm ( 6.8) Given ( C: , E . ) a BGG - resol .

all ecw
,
w
' ) to when / llw) = k

ecw') = htt
"

and w s w
'
.

Pfs Downward induction on k = Ecw) .

K --M
,
(m-t) are clear :

M ( Wo . >
° ) = MCD Is Lcd) non-zero

Is Mlsa . d) → Mcd) non-zero

NCT)
For the inductive hypothesis :

Lemma (67) : des
, p > 0 , d # B .

Then

I diagram ( L) ⇒ F diagram CR)

and vice - versa :

P , w
' W' tf (R)( L) saw
/

y
saw

'

* w
W T = Sap

in means :

fail I;'m .



T -- sap ⇒ Sy = Ssp Sa

⇒ Sow = Sakes w)
E' said

It remains to show l (saw) ) = Ecw
'
) -4

-
- -

CL) ⇒ ecspwy a ecw,

⇒ (w' )
- '

p c O

⇐ (w't say so as 2-Sap

⇐ ( saw
'

) r LO

⇒ e ( so few
') c ecsawil

Sjw
-

W

¥ elwi ) = ecw) seesaw 's
- -

( o→ Co- M(No.H→G→ - → Cm,→ Cm-- MCD→ Lcd) → o)
D

Back to the Theorem :

O f- Ent M Curti) ⇒ 7- pro
sit .

e) w b w
'

'

- ) Uw) = elw
' ) - I

e :) ecw ,
w
' ) t O

KEM-I ⇒ FLED w I saw



Cased : d # B .

W
'

w
'

d

% (wa) Lemma Cwa)I
saw

,

W ⇒ / Iwa)
(m) I

saw saw sap - r

(wz) (wz)

2 4 A 2 3 4 A 3

(K) ⇒ e (w', saw
'

)e(w ,w' ) + e (saw, saw
')e(w , saw) -- O

- -
-

¥0 IH FO ass. to IH

.

'

.

e ( w, Saw) to

Casely : B =L ⇒ ( w -7W ' ) = ( w -7 saw)

⇒ e. (w, saw) = ecw, w' ) to .

If y > o S
-
t .

w
"

L

w

\
↳

saw
a ⇒ ecw,w

" ) to

a e
saw Sar

D



Homological computations in 0

Let Me 0 ,
I = ( P.

.
2
. )

. . . → Pn → . . . → Poo→ M → 0

be a prog . resolution

DEI ele) =n if j >n ⇒ Pj =o ( length)

Pd (m) - inflect?) f ( prg . dim)

gd (O) - sup I pdcm) } Cge . dim .)
n

Notations : E ( M
.
N) = Extf(M ,N) ,

En ( w
, w

' ) = En ( Mlw -H
,
Mcw's))

,
EE Hom

Main idea for the computations :

From SES O → A → B → C → O
'

e
.
.
.

Get LES . - - → En ( C,D) → En (B,D) → En (AD)

-
F-
""

(GD) → EMB ,D) → EMAD)

t
E (C

,D)→ En
"(B

,D) → Eh
" (A

,
D) → o..



Lem: CA) pd (A) E Max ( pd (B)
, pot CC) - n)

(B) pot (B) E Max ( pd ( A) , pot (C))
(C) pot (c) S Max ( pd (B) , Pd CA) -11 )

sketch : pot (Al E n ⇒ Ek ( B,D) I Ek (GD ) k > htt

Pd CB) G n ⇒ EKA
, D) E E'

"'

(c
, D ) k

> n

a

¥9 (a) pot M (woo) = ecw)

(b) pd L (w. O) = em- ecw)

f w E W .

In particular gl . dim . Oo = Em .

PI o maxie W . O ⇒ Mto) projective
⇒ pd ( M lol ) = 0

Assume Uw ') ( ecw)

claim : poll Mlw . o) ) S llw)
.

Pf : Have o → N → Pcw . o) → Mcw . o) → o

T
std filtration



O = No EN , E - -
- E Np, E Np = N E PCW - o)

NKINK
. ,
I M ( tuk)

0¥ (P ( w - o) : Mlm)) = [ MCµd:UwoD(BfeEipr.)
=

(Mcw:o) : Kaos]( M¥57
:O
)

(K) ⇒ Mlwo) ↳ Mcw! o)

⇐ w Z w
'

-
: / O → N → Pcw . o)→ Mcwo)→ O

O ⇒Nia, → Nk → MCW ! o) → O

(B)
pdcn) E Pdl Nk) f pot ( MCW . ol) Fw 'd w

Tk

poll Mcw .
o)) Epa (Mtl E flu 't et - ecw)

(c) CIH)

Claim pot ( Mcw . o)) 7 llw) .

PI choose w
'
s
-
t
. lcw ') = ecw) - I

.

(c)

⇒ l (w
' ) E pollNk) htt

,
Kee

. . .

( Fk)
I.H .



pdl Na
. .
) I

'

pd (Nn) CAH

.
: ecw' ) E poll N) I

'

pol ( Mlw . o) ) - I

⇒ llw) = llw
' ) -11 S pot ( Mlw - o)) Da

RMI similar for pd ( Llw - O)) using

O → N (w -O) → Mlw - O) → Hw - o) → o -

④

6.1 Recap Homological computations

(4.2) dim E° ( Mlm)
,
Mcd)) f 1

Csi) I M(µ) ↳ Mad ⇒ yet >

(3.3) dim E° ( MCM , MW ) = 8µV
G.3) E' ( Mlp) , MCW) so

cos)E
' ( MCM , Mcd) ) to ⇒ pith , pith

Plate: Generalize last 2 results to

(a) all n > O

(b)
modules with std filtration



Thin 6.11 he At
,
w
,
w
'

E W
-

(a) En ( w', w) = O = En ( Mcw ! >I
,
Llw .>s)

unless w! b Tw . I
,

w
'

# w (WEW ' )

(b) If w ! > Sw . b
,
then An > llw ') - Ecw)

I

En ( w'
,
w) = O = En ( Mcw !dD

,
4wd))

Pf ( a) Assume w ¢ w
'
.

. O → N → Plw
'
. b) → M ( w! H → O

' D= Mlw . H
. n -- I (6-5) true

ooo E
"

( N
,
w ) → En" ( w'

,
w) → E

""

(Plw!>d.w/ - - -

ICTaims -

set
.
fill . factors × 4 I

'

pros . so

claims : N with Std filter
,

En (Mlm ,
D) =D

-

tf factors ⇒ En ( N
,
D ) =D

( induction on length of Verma flag)
Pf : o → Np, → N → M (µ) → 0

noo .
.
. ETH ,D) → F-

"

( N
,
D) → E

"

( Np. , ,D ) → - - -

- - o
=D assump. It = 0 I



Themarker
.

For second part of Ca) :

O → N ( w-d) → Mcw - d) → Kw -d) → O

and the covariant version

- - - → En ( w' , Ncw -H ) → En ( w' ,w)→ -
- -

2. Cb) uses similar ideas !

Thin 6.12 .

-

i

Hn >O
En ( Mlm) , MIN ) - O Itd,µeg*

PI True fore n- I 13.3)
.

Assume for n

O -7 N → PCM → MCM → O

D= MIN

→ . - - Eh ( N
,
D) → E

"'
( µ ,D)→ En

" (PCM
,
D)→ . - -

- -

Claims . ⇒ O prog -0
IH - O D

A



Thm 6.13 MEO .
TFAE :

Cal M has std filtration

(b) En ( M, MCW) -O In>o
,
theft

(G E ' ( M
,
MCW ) - O theft

PI (c) ⇒ Ca) : Induction (JH) length of M .

(1) Choose to minimal s.tn .

EYM ,
un) # O

(2) Eo ( M ,Llµ)) - O if pesto

claim : E' (M
, Hpd) - O .

Q

PI Use o→L4uY→MCµT→M4u%µ→o
} D= M

°o° E°( D
,
a)→ E' ( D

,
Lgu))→ E' (D ,M4uY ) -n

-

- cc) ⇒ 0
(x)

( l )

CH Ms X.⇒
EOCM

,
Lcr)) - O ,

Hunt Q

a simple submodule O



(3) From 40-7 NH) →
Mlb

.)→LCH→o

D= M

- - - I → E. ( D
,
Mido)) → EID ,

LCH)

(2) ⇒ 0
→ E' ( D

,
Nao)) → - -

-

-

(2) ⇒ O

i
. M → Lcbo) E' ( M

, Mlk)#

s
. 9
Mao)

(4) O → N → M -→ M Cbo) → 0

Claim : E' ( N
, MCW ) - o Vµef*

PI Use D= MCW and

ooo E' ( Mp ) → E' ( Np ) → E'( Mlb) ,D) → - -
-

- -

(c) ⇒ O 6.12=20 O

(5) ( IHI ⇒ N has std filtration

(4) ⇒ M " " " A


