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5.1: The BGG Theorem

Let A\, € b*

Definition: 1t T A (u is strongly linked to \)

w=MXorJag,...,am € dT:
= (Say - Sam) A< (Sag---Sam) A<+ <Sqp-A<A
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5.1: The BGG Theorem

Let A\, € b*

Definition: 1t T A (u is strongly linked to \)

w=MXorJag,...,am € dT:
= (Say - Sam) A< (Sap---Sap) A< -+ <Sg, A<

@l((sam...sam)-)\—i—p,a)/)€Z>° foralli=1,...,m
L
) =
w > By (A“i'r/\"' 4"‘/»'/\)
= A"(LM AM/A/\ - (,ib‘m A /\1‘6 &, >°(..‘7
SN M~
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5.1: The BGG Theorem

Let A\, € b*

Definition: 1t T A (u is strongly linked to \)

w=MXorJag,...,am € dT:
= (Say - Sam) A< (Sag---Sam) A<+ <Sqp-A<A

S ((Sajuy---Sam) A+ payy€Z>%foralli=1,....,m

[M : L(p)] = multiplicity of L(x) as a composition factor of M
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5.1: The BGG Theorem

Let A\, € b*

Definition: 1t T A (u is strongly linked to \)

w=MXorJag,...,am € dT:
= (Say - Sam) A< (Sag---Sam) A<+ <Sqp-A<A

S ((Sajuy---Sam) A+ payy€Z>%foralli=1,....,m

[M : L(p)] = multiplicity of L(x) as a composition factor of M

Theorem 4.6 [Verma]:
Forany A€ h* and a € dT: s, - A < XA = M(s, - \) — M(A)
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5.1: The BGG Theorem

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:

Forany \,pebh*: put A< [M(N): L(pn)]#0
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5.1: The BGG Theorem

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:

Forany \,pebh*: put A< [M(N): L(pn)]#0
Proof:

= U="(Say - Sam) A< (Sap.--Sap) A<
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5.1: The BGG Theorem

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:

Forany \,pebh*: put A< [M(N): L(pn)]#0

Proof:

= U="(Say---Sapn) A< (Sap---Sapn) A<+ <Su, - A<A
Iterating Theorem 4.6:
M) = M((Say - - - Saupy) = A) <= -+

s M(sq,, - A) = M(X)
In particular: [M(X) : L(p)] > 1
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5.1: The BGG Theorem

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:

Forany \,pebh*: put A< [M(N): L(pn)]#0
Proof:

= U="(Say---Sapn) A< (Sap---Sapn) A<+ <Su, - A<A
Iterating Theorem 4.6:

M(p) = M((Sap - - - Sapy) = A) = =+ - = M(s,,, - A) = M(N)
In particular: [M(X) : L(p)] > 1

< will be proven in the course of these lectures
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5.1: The BGG Theorem

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:

Forany \,pebh*: put A< [M(N): L(pn)]#0

Proof:

= U="(Say---Sapn) A< (Sap---Sapn) A<+ <Su, - A<A
Iterating Theorem 4.6:

M(p) = M((Sap - - - Sapy) = A) = =+ - = M(s,,, - A) = M(N)
In particular: [M(X) : L(p)] > 1

< will be proven in the course of these lectures

Forany A\, u e h*: [M(X): L(p)] # 0 < M(p) = M(X)

But [M(X) : L(u)] = m = m different embeddings =
=
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5.1: The BGG Theorem

Wee G- (Mg, > £ 2°
Vocf@'- </\*€, LD e

Proposition 4.3:

For dominant integral weights A:
Yw e W : M(w - X) — M(X)
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5.1: The BGG Theorem

Proposition 4.3:

For dominant integral weights A:
Yw e W : M(w-\) = M(X)

v

o dpy={aecd:(A+p,aY)€Z}isa root system

° CDF;\] = & N7 s a positive system in Dy

e Apy = simple system in &y,

o Wyy={weW:w-A—-XeN}isits Weyl group,
generated by {s, : @ € Apy}
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5.1: The BGG Theorem

Proposition 4.3":

For dominant weights A:
Vw € Wiy @ M(w - X) = M()) and hence [M()) : L(w - A)] # 0
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5.1: The BGG Theorem

Proposition 4.3":

For dominant weights A:
Vw € Wiy @ M(w - X) = M()) and hence [M()) : L(w - A)] # 0

Proof: By induction on £(w)
@ /(w) = 0: Trivial
@ Write s; for the reflection w.r.t. simple root a; € Apy).
Let w = s,...5s; be a reduced expression. Let w’ :=s,_1...5. [{a:’) (av)

By Mar \) MO

TRP: Ml N M N)

By Bee: T8 ar A M N, g (s 4, 4D e 77

7 M (0 = (), “nv->=<A+g,’U/_1(x:)>
=g, 07T D) D>
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5.1: The BGG Theorem

Proposition 4.3":

For dominant weights A:
Vw € Wy @ M(w - X) = M()) and hence [M()) : L(w - A)] # 0

Proof (cntd):

ar' ) e By = @0 Opy
b () € bpy ™ Oue b5 7H2) 2 € 2
L /-4 ’+ v }:> EZ’a
L) B s O tik) D 2 |
L0

donirans

O
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5.1: The BGG Theorem

Suppose that [M(\) : L(p)] € {0,1} for all p € bh*.
Show that N(\) = &b M)
w[M(A):L(p)]=1

Z '\'\\r\\ < Nt’\)
I

Aas: NN ks sl gudodaats, o 1(N] bt LY

Sed 7 W) = LY .

- 36'7 Cro Lyt ™ Ligewt) ™ Ll ¢ Z iy
u

v
M e M) => (M Lyl] e 4
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5.2: The Bruhat ordering

Definition: Chevalley-Bruhat ordering on W: w' < w if

Jag,...,am €®T: w=s,, ...5,w and
W) < lspaw') <+ < USap g ---SayW') < l(w)
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5.2: The Bruhat ordering

Definition: Chevalley-Bruhat ordering on W: w' < w if

Jag,...,am €®T: w=s,, ...5,w and
W) < lspaw') <+ < USap g ---SayW') < l(w)

Lemma 5.2:

| \

For regular, antidominant, integral weights A:
Vw,w' e W: w - A<w- A& w <w

The linkage class {w - X\ : w € W} of a regular, integral weight is indexed by its

lowest weight, which is regular, integral and antidominant.

Rigutn: vt 0V 40 Vae @

Atkdgmamank g o> 4 2 Ve @+
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5.2: The Bruhat ordering

For regular, antidominant, integral weights A:
Yw,w' e W: w - A<w- A& w <w

Proof:
First consider w’ = s,w, a € ¢+
Ay L)) = ag! N mr )

0
<m>\+cot> €Z>0
<M e ) >
@)N@«Ja@ Md“uutrr
_4.(&) € @_ (—_—_) LM_:IAq)kd\) {&5-&
W)

Hadewijch De Clercq Highest weight modules - Part Il

April 2021 10 /52





















































































































































































































































































































































































































5.2: The Bruhat ordering

For regular, antidominant, integral weights A:
Yw,w' e W: w - A<w- A w <w

Pro,o; én:j)A ey ') e §+ <i;£[u>—_f/[gd_m')> {im—')

E o> !

Fou as'= A0

O
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5.2: The Bruhat ordering

Corollary 5.2:

For regular, antidominant, integral weights A:
Vw,w' € W: [M(w-A): L(w - N)]#0=w <w

Proof: N
m[muu\) LU:'\)] +o0 —-) N\ 4;_’/\\</|._r_>\

6.2
= (Lr'< S .

((—; (Lr/</l$ = 30(4’___/ h(,k_ € @f_ (LFI(A"/\U’ (-_. <5°(/k__, 4,4:\:’; Ar
Lan 5 1

= ’\A”.>\</B=(’\.J'I_/\<...(AEL,,\¢”' 40‘ Ul)‘(""r’\
e e
Aa,\--”%_"’"\/é_(___ By, 15\ 4 !LS_)\

' 366
= M) B e A L \]*0 O
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5.3: The Jantzen filtration

Definition: Contravariant form (-,-)p on U(g)-module M

Symmetric bilinear form:
(u-v,v')=(v,7(u)-Vv'), Vv,v' € M,ue U(g)
Here 7: U(g) — U(9) : Xa & Yoy Ya = Xa, h = h
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5.3: The Jantzen filtration

Definition: Contravariant form (-,-)p on U(g)-module M

Symmetric bilinear form:
(u-v, V)= (v,7(u)- V'), VYv,v' € M,ue U(g)
Here 7: U(g) — U(9) : Xa & Yoy Ya = Xa, h = h

V.

Theorem 5.3 [Jantzen]:

For any A € h*, M(X) has a filtration
M(N) = MV 5 M) 5 MV 5 -+ 5 M(A)" > M) = {0}
such that Vi=0,...,n

0) M())" is nontrivial submodule of M()\)

v
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5.3: The Jantzen filtration

Definition: Contravariant form (-,-)p on U(g)-module M

Symmetric bilinear form:
(u-v, V)= (v,7(u)- V'), VYv,v' € M,ue U(g)
Here 7: U(g) — U(9) : Xa & Yoy Ya = Xa, h = h

V.

Theorem 5.3 [Jantzen]:

For any A € h*, M(X) has a filtration
M(N) = MV 5 M) 5 MV 5 -+ 5 M(A)" > M) = {0}
such that Vi=0,...,n

0) M())" is nontrivial submodule of M()\)

1) M(A)'/M(A\)*L has a non-degenerate contravariant form
L
R, -t W,&th‘ %M >(0;.)=0 Do

V.

Hadewijch De Clercq Highest weight modules - Part Il April 2021 13 /52

































































































































5.3: The Jantzen filtration

Definition: Contravariant form (-,-)p on U(g)-module M

Symmetric bilinear form:
(u-v, V)= (v,7(u)- V'), VYv,v' € M,ue U(g)
Here 7: U(g) — U(9) : Xa & Yoy Ya = Xa, h = h

V.

Theorem 5.3 [Jantzen]:

For any A € h*, M(X) has a filtration
M(A) = M(A\)° D M(A\) D M(A)2 D --- D M(A)" D M(A\)"! = {0}
such that Vi=0,...,n

0) M(\)" is nontrivial submodule of M()\)

1) M(X)'/M(X)'*! has a non-degenerate contravariant form

2) M\ = N())

V.
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5.3: The Jantzen filtration

Definition: Contravariant form (-,-)p on U(g)-module M

Symmetric bilinear form:
(u-v, V)= (v,7(u)- V'), VYv,v' € M,ue U(g)
Here 7: U(g) — U(9) : Xa & Yoy Ya = Xa, h = h

V.

Theorem 5.3 [Jantzen]:

For any A € h*, M(X) has a filtration

M(A) = M(A\)° D M(A\) D M(A)2 D --- D M(A)" D M(A\)"! = {0}

such that Vi=0,...,n
0) M())" is nontrivial submodule of M()\)

V.

1) M(X)'/M(X)'*! has a non-degenerate contravariant form
1 Te @* D-.- B
2) MV} = N(Y) 0y @ Pry Sy
n .
3) Jantzen sum formula: Y ch M(A\)' = >  ch M(s, - A)
i=1 aed)i
Here @: {aedt sy - A< At ={aecdt: (A+pa¥) ez}
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5.3: The Jantzen filtration

Let L(A) be the unique simple submodule of M(A).
Show that [M()\) : L(A\)] =1 = n = |®]]

In Chapter 7, we will prove that [M(A) : L(X)] = 1 for all A € b*.
This was already proven in Theorem 4.10 for integral weights .
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5.3: The Jantzen filtration

Let A be regular, antidominant and integral. Let w € W.
Show that in the filtration of M(w - A): n = £(w).

"\-\@m’x l{&é@* Ars. A< N
et (v, ey e 277

e, 74D
Sima N u'\?w&Al kidem | uk _
e M) D e 2°° & wlwe B

me e @ DB = L) = L),
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5.3: The Jantzen filtration

Theorem [Jantzen Conjecture]:

For any A\, u € b* with p T A:
Set r = [&F| — |}

o M(pn) — /\/I()\)i, Vi<r
o M(p)N M) = M(u)=", Vi>r

Proof: Requires Kazhdan-Lusztig theory (Chapter 8).

Hadewijch De Clercq Highest weight modules - Part Il April 2021 16 /52



5.4: Application to sl(3,C)

Let A\ be a regular, antidominant, integral weight. Recall from Section 4.11:
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5.4: Application to sl(3,C)

Let A\ be a regular, antidominant, integral weight. Recall from Section 4.11:

o A= {O‘vﬁ}’ W = {1350435575045&555&7 WO}
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5.4: Application to sl(3,C)

Let A\ be a regular, antidominant, integral weight. Recall from Section 4.11:

o A= {O‘vﬁ}’ W = {1350435575045&555&7 WO}

@ Yw e W : L()) is the unique simple submodule of M(w - ),
M(w-X): L)) =1, [M(w-X):Lw-N)]=1
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5.4: Application to sl(3,C)

Let A\ be a regular, antidominant, integral weight. Recall from Section 4.11:

o A= {0436}’ W = {13504355750455,555&7 WO}

@ Yw e W : L()) is the unique simple submodule of M(w - ),
M(w-X): L)) =1, [M(w-X):Lw-N)]=1

o M(X\) = L(\)
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5.4: Application to sl(3,C)

Let A\ be a regular, antidominant, integral weight. Recall from Section 4.11:

o A= {0436}’ W = {13504355750455,555&7 WO}

@ Yw e W : L()) is the unique simple submodule of M(w - ),
M(w-X): L)) =1, [M(w-X):Lw-N)]=1

o M(X\) = L(\)

@ [M(sy-A):L(w' -N)]= { é Z(fsrew’ € {1,s.},

ch M(sq - A) =ch L(sy - A) +ch L(X)
Similarly for M(sz - A)
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5.4: Application to sl(3,C)

Let A\ be a regular, antidominant, integral weight. Recall from Section 4.11:

o A= {0436}’ W = {13504355750455,555&7 WO}

@ Yw e W : L()) is the unique simple submodule of M(w - ),
M(w-X): L)) =1, [M(w-X):Lw-N)]=1

o M(X\) = L(\)

@ [M(sy-A):L(w' -N)]= { é Z(fsrew’ € {1,s.},

ch M(sq - A) =ch L(sy - A) +ch L(X)
Similarly for M(sz - A)

Now let's consider the composition factors of M(s,ss - A)
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5.4: Application to sl(3,C)

@ We already know:

[M(sas3-A): L(A)] =1, [M(sass-A):L(sasg-A)] =1
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5.4: Application to sl(3,C)

@ We already know:
[M(sas3-A): L(A)] =1, [M(sass-A):L(sasg-A)] =1
@ By Lemma 5.2:
D a={7EPT isy5a85 - A <sasp A} = {7 € D" :sy5055 <sasp} = {a, B}

Hadewijch De Clercq Highest weight modules - Part Il April 2021 18 /52



5.4: Application to sl(3,C)

@ We already know:

[M(sas3-A): L(A)] =1, [M(sass-A):L(sasg-A)] =1
@ By Lemma 5.2:

D a={7EPT isy5a85 - A <sasp A} = {7 € D" :sy5055 <sasp} = {a, B}
@ By Jantzen sum formula:

”sasB~)\

S>> ch M(\)' = ch M(sa - A) +ch M(ss-A)
i=1
=ch L(sy-A)+ch L(55-A)+20h®
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5.4: Application to sl(3,C)

@ We already know:
[M(sas3-A): L(A)] =1, [M(sass-A):L(sasg-A)] =1
@ By Lemma 5.2:
D a={7EPT isy5a85 - A <sasp A} = {7 € D" :sy5055 <sasp} = {a, B}

@ By Jantzen sum formula:
”sasB~)\

S>> ch M(\)' = ch M(sa - A) +ch M(ss-A)

i=1
=ch L(sy-A)+ch L(sg- X))+ 2ch L(N)
= L(s, - A) and L(sg - \) occur exactly once as composition factor of M(\)?
and hence of M())
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5.4: Application to sl(3,C)

@ We already know:
[M(sas3-A): L(A)] =1, [M(sass-A):L(sasg-A)] =1
@ By Lemma 5.2:
D a={7EPT isy5a85 - A <sasp A} = {7 € D" :sy5055 <sasp} = {a, B}
@ By Jantzen sum formula:
”sasB~)\ )
>, ch MA)" =ch M(sq - )+ ch M(sg - \)
i=1 YT
C = ch L(sa - A) +ch L(sg- )+ 2ch L(A)
= L(sy - A) and L(sz - \) occur exactly once as composition factor of /\/l(/(\)1
and hence of M()) An,

= [M(Socsﬁ . )\) . L(WM)\)] = { 1 lf w € {]‘750675ﬁ;5a$[3}
'\@.

0 else )
= ng.e.n =2 and M(N)2 = L(A ) o ()
2S5\ (A) () ALD)- %U (-1) eln \)
Similarly for M(sgss - A) and M(wo - A) Z =) Uw) (,{o, X)
L7 I AY
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5.4: Application to sl(3,C)

Consider the simple block Og for s[(3,C). It has 6 simple modules
L(w-(—2p)), we W.
e For w=1: L(—2p) = M(—2p) and ch L(—2p) = partition function P
e For w # 1: L)[J)ik()l_ic)

e Compute ch L(w - (—2p))
e Show that all weight spaces have dimension 1

o l2g): L) -
Moo b3l AL MLLE
¢
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5.5: Proof of BGG theorem from Jantzen’s theorem

Unofficial notation: For A € h™:

Ny=Kyeb :IweW:y=w-Aandy <A}
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5.5: Proof of BGG theorem from Jantzen’s theorem

Unofficial notation: For A € h*:

Ny=Kyeb :IweW:y=w-Aandy <A}

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:

Forany \,ueh* putAs [M(N): L(pw)]#0
Proof:

< By induction on Ny:
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5.5: Proof of BGG theorem from Jantzen’s theorem

Unofficial notation: For A € h™:

Ny=Kyeb :IweW:y=w-Aandy <A}

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:

Forany \,ueh* putAs [M(N): L(pw)]#0
Proof:

< By induction on Ny:

o If N\ =0, then X is minimal in its linkage class = M(\) = L()\).
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5.5: Proof of BGG theorem from Jantzen’s theorem

Unofficial notation: For A € h™:

Ny=Kyeb :IweW:y=w-Aandy <A}

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:

Forany \,ueh* putAs [M(N): L(pw)]#0
Proof:

< By induction on Ny:

o If N\ =0, then X is minimal in its linkage class = M(\) = L()\).
e For Ny > 0:
[M(A) : L(12)] > 0= [M(A)!: L(12)] > 0 since M(A\)! = N())
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5.5: Proof of BGG theorem from Jantzen’s theorem

Unofficial notation: For A € h™:

Nx=|{yebh :Iwe W:y=w-)and y < A}|

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:
Forany \,ueh* putAs [M(N): L(pw)]#0

Proof:
< By induction on Ny:

o If N\ =0, then X is minimal in its linkage class = M(\) = L()\).
e For Ny > 0:
[M(A) : L(p)] > 0 = [M(A)!: L(p)] > 0 since M(A)} = N(X)
By Jantzen sum formula: Ja € &7 : [M(s, - A) : L(p)] > 0
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5.5: Proof of BGG theorem from Jantzen’s theorem

Unofficial notation: For A € h™:

Nx=|{yebh :Iwe W:y=w-)and y < A}|

Theorem 5.1 [Bernstein-Gelfand-Gelfand]:

Forany \,ueh* putAs [M(N): L(pw)]#0

Proof:

< By induction on Ny:

o If N\ =0, then X is minimal in its linkage class = M(\) = L()\).
e For Ny > 0:
[M(A) : L(12)] > 0= [M(A)!: L(12)] > 0 since M(A\)! = N())
By Jantzen sum formula: Ja € &7 : [M(s, - A) : L(p)] > 0
So A< A= Ng.n < Ny
By induction hypothesis: ©1s, - A, and also s, - AT A, so u T A ]
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5.5: Proof of BGG theorem from Jantzen’s theorem

Note: w- A< A== w-ATA J
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5.5: Proof of BGG theorem from Jantzen’s theorem

Note: w-A <A w-ATA ]

Example in s((4,C):

A= w1 — 2@2 — W3, W = 525352515

One can show: A+ p = a3, w(A+p) = —a3
SA-—-w-A=A+p—wA+p)=a1+az3>0
But Verma has shown:

# embedding of M(w - \) in M()\) Theorgm 5.1

w - A is not strongly linked to A
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5.6: Some general theory of free modules over PIDs

Definitions:

@ PID (principal ideal domain) A: commutative ring with 1, without zero
divisors, in which every ideal is generated by a single element

@ unit in A: invertible element

@ prime element p € A: p #£ 0, p is not a unit, p|ab = p|a or p|b

Property:
A/pAis a field

Hadewijch De Clercq Highest weight modules - Part Il April 2021 22 /52



5.6: Some general theory of free modules over PIDs

Let M be a free A-module of finite rank, with symmetric, non-degenerate
bilinear form (-, )y : MxM —- A L
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5.6: Some general theory of free modules over PIDs

Let M be a free A-module of finite rank, with symmetric, non-degenerate
- ~——
bilinear form (-, )y : M x M = A  bp

@ D := determinant of (-, ), well-defined up to a unit, D £ 0

bcﬁa,g, of(i,n,m GLn A) ~ otk = v
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5.6: Some general theory of free modules over PIDs

Let M be a free A-module of finite rank, with symmetric, non-degenerate
bilinear form (-, )y : M x M — A

@ D := determinant of (-, ), well-defined up to a unit, D # 0
@ Dual M* := Homa(M, A) is free of rank r
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5.6: Some general theory of free modules over PIDs

Let M be a free A-module of finite rank, with symmetric, non-degenerate
bilinear form (-, )y : M x M — A

@ D := determinant of (-, ), well-defined up to a unit, D # 0

@ Dual M* := Homa(M, A) is free of rank r

evVeceM:e¥ M= A:f—(ef)u
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5.6: Some general theory of free modules over PIDs
Let M be a free A-module of finite rank, with symmetric, non-degenerate
bilinear form (-, )y : M x M — A
@ D := determinant of (-, ), well-defined up to a unit, D # 0
@ Dual M* := Homa(M, A) is free of rank r
evVeeM:e¥: M= A:fr—(ef)u

o MYV ={e:eec M} C M*is also free of rank r
pw: M— MY :ews e¥is isomorphism
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5.6: Some general theory of free modules over PIDs
Let M be a free A-module of finite rank, with symmetric, non-degenerate
bilinear form (-, )y : M x M — A
@ D := determinant of (-, ), well-defined up to a unit, D # 0
@ Dual M* := Homa(M, A) is free of rank r
evVeeM:e¥: M= A:fr—(ef)u
o MYV ={e:eec M} C M*is also free of rank r
pw: M— MY :ews e¥is isomorphism
3 basis {e,..., e} for M:

@ Dual basis {ef,...,e}} is basis for M*: ef(ej) = 0

v

Hadewijch De Clercq Highest weight modules - Part Il April 2021 23 /52



5.6: Some general theory of free modules over PIDs
Let M be a free A-module of finite rank, with symmetric, non-degenerate
bilinear form (-, )y : M x M — A
@ D := determinant of (-, ), well-defined up to a unit, D # 0
@ Dual M* := Homa(M, A) is free of rank r
evVeeM:e¥: M= A:fr—(ef)u
o MYV ={e:eec M} C M*is also free of rank r
pw: M— MY :ews e¥is isomorphism
3 basis {e,..., e} for M:
@ Dual basis {ef,...,e}} is basis for M*: ef(ej) = 0

@ Jdi,...,d, € A\ {0} : {di€],...,d,e}} is basis for MY

v
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5.6: Some general theory of free modules over PIDs
Let M be a free A-module of finite rank, with symmetric, non-degenerate
bilinear form (-, )y : M x M — A
@ D := determinant of (-, ), well-defined up to a unit, D # 0
@ Dual M* := Homa(M, A) is free of rank r
evVeeM:e¥: M= A:fr—(ef)u

o MYV ={e:eec M} C M*is also free of rank r
pw: M— MY :ews e¥is isomorphism

3 basis {e,..., e} for M:
@ Dual basis {ef,...,e}} is basis for M*: ef(ej) = 0

@ Jdi,...,d, € A\ {0} : {di€],...,d,e}} is basis for MY
o Let f; := o Y(die}), so f.Y = de}
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5.6: Some general theory of free modules over PIDs
Let M be a free A-module of finite rank, with symmetric, non-degenerate
bilinear form (-, )y : M x M — A
@ D := determinant of (-, ), well-defined up to a unit, D # 0
@ Dual M* := Homa(M, A) is free of rank r
evVeeM:e¥: M= A:fr—(ef)u

o MYV ={e:eec M} C M*is also free of rank r
pw: M— MY :ews e¥is isomorphism

3 basis {e,..., e} for M:
@ Dual basis {ef,...,e}} is basis for M*: ef(ej) = 0

@ Jdi,...,d, € A\ {0} : {di€],...,d,e}} is basis for MY
o Let f; := o Y(die}), so f.Y = de}
= (e, fi)m = £ (er) = dj€j' (&) = djdj, hence D = det((ey, f)m)ij = [Ti—; d

v
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5.6: Some general theory of free modules over PIDs

Let p € A be prime element

® Forany n€z=% M(n):={e€ M:(e,f)y €P"AVFf e M} C M
Note: M = M(0) 2> M(1) D M(2) D ...
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5.6: Some general theory of free modules over PIDs

Let p € A be prime element

.
@ Forany n€ =% M(n) :={e€ M : (e,f)y € p"ANF e M} C M
Note: M = M(0) 2 M(1) D M(2) D>...

@ Forany a€ A v,(a) :=n € Z=° such that p"|a but p™!}a
Note v,,?ab) = vp(a) + vp(b)

VPL%):VM:) F“laGgangal_ al. Pd|cLA P"‘ﬁ/(r
F ek D P L > W

u
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5.6: Some general theory of free modules over PIDs

Let p € A be prime element

@ Forany n€ =% M(n) :={e€ M : (e,f)y € p"ANF e M} C M
Note: M = M(0) 2 M(1) D M(2) D>...

@ Forany a€ A v,(a) :=n € Z=° such that p"|a but p™!}a
Note v,(ab) = v,(a) + v,(b)

@ M := M/pM, considered as vector space over the field A := A/pA
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5.6: Some general theory of free modules over PIDs

Let p € A be prime element

Definitions

@ Forany n€ =% M(n) :={e€ M : (e,f)y € p"ANF e M} C M
Note: M = M(0) 2 M(1) D M(2) D>...

@ Forany a€ A v,(a) :=n € Z=° such that p"|a but p™!}a
Note v,(ab) = v,(a) + v,(b)

@ M := M/pM, considered as vector space over the field A := A/pA
Sete:=e+ pMforeec M

o M(n) := M(n)/pM(m)
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5.6: The key lemma

vp(D) =>"0 dim(Wn)) and M(n) = 0 for large enough n
Proof: /f:az|L 3, #ﬂ M Q.éA
Je MW Vel [ fn SPTAS Femr n (e, f)yy o7
& Ve, 0 v lle, £ r\}>/'”‘ lte, B,
L;n/J
AT
y O P
(’)b’\flﬂ + (3 >m(—> L {a> ~,
P \Lﬂ;)m V. v, >

SPW o(kr<\ MU~ {4, : /\(m.hﬁ {'f"*""‘«¥ : ”\>”‘-uj
Basio 1, ) - {1 - <M) {05
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5.6: The key lemma

vp(D) =>"0 dim(M(n)) and M(n) = 0 for large enough n

Proof (cntd

HL /I.,IL: \(‘]
UUSWM ) D My -0 R
ZMMH z){w |- Z

: f[m)_mm

/k
"
v, (4

‘)
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5.6: The key lemma

Lemma 5.6.2: For any n € Z=°

The modified symmetric bilinear form on M(n) given by
(e;f)n:=p "(e;f)m
induces a non-degenerate symmetric bilinear form on M(n)/M(n + 1).
Proof: (-/')K Nldx M) = A {C/ Z)I = P"" (e, g)h MJ_fﬁ
el - %’%&
=02 CCFV\ Wwic ¢ pe
N feM(w
(,(zg _P’L(.f ﬂ\+4(c£) M_pNA
_re Hl"') = 0z -

n
v
>
1
S
N
<
>
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5.6: The key lemma

Lemma 5.6.2: For any n € 7="

The modified symmetric bilinear form on M(n) given by
(e,f)n:=p""(e,F)m
induces a non-degenerate symmetric bilinear form on M(n)/M(n + 1).

Proof cntd

W MU\M 3 )
Xﬁée"*(%%; (C;, g)&=0 moskp b &P cL?‘ =0 modpp

baso fo €t M} (g v Mowr )

O
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5.7: Proof of Jantzen's theorem from the key lemma

Theorems 3.15' (3.15 and 4.8 combined): For any A € bh*

3 unique (up to scalar multiples) contravariant form (-, ')M(A) on M(}),
which is non-degenerate < M()) is simple < X is antidominant
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5.7: Proof of Jantzen's theorem from the key lemma

Theorems 3.15’ (3.15 and 4.8 combined): For any A € h*

3 unique (up to scalar multiples) contravariant form (-, ')M(A) on M(}),
which is non-degenerate < M()) is simple < X is antidominant

Let A € b* be fixed. Let T be any indeterminate.

Notations:

A= C[T] (PID with prime element T) K = C(T) (field)
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5.7: Proof of Jantzen's theorem from the key lemma

Theorems 3.15’ (3.15 and 4.8 combined): For any A € h*

3 unique (up to scalar multiples) contravariant form (-, ')M(A) on M(}),
which is non-degenerate < M()) is simple < X is antidominant

Let A € b* be fixed. Let T be any indeterminate.

A= C[T] (PID with prime element T) K = C(T) (field)
© ga=AQcyg gk = KQ®cg
U(ga) = A®c U(g) U(gr) = K @c U(g)
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5.7: Proof of Jantzen's theorem from the key lemma

Theorems 3.15’ (3.15 and 4.8 combined): For any A € h*

3 unique (up to scalar multiples) contravariant form (-, ')M(A) on M(}),
which is non-degenerate < M()) is simple < X is antidominant

Let A € b* be fixed. Let T be any indeterminate.

A= C[T] (PID with prime element T) K = C(T) (field)
© ga=AQcyg gk = KQ®cg
U(ga) = A®c U(g) U(gr) = K @c U(g)

@ A\r:=A+Tpehi
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5.7: Proof of Jantzen's theorem from the key lemma

Theorems 3.15’ (3.15 and 4.8 combined): For any A € h*

3 unique (up to scalar multiples) contravariant form (-, ')M(A) on M(}),
which is non-degenerate < M()) is simple < X is antidominant

Let A € b* be fixed. Let T be any indeterminate.

A= C[T] (PID with prime element T) K = C(T) (field)
© ga=AQcyg gk = KQ®cg
U(ga) = A®c U(g) U(gr) = K @c U(g)

@ A\r:=A+Tpehi

@ M(At) = U(gk)-Verma module of highest weight At
M(A7)? = restriction to A
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5.7: Proof of Jantzen's theorem from the key lemma

Y 20

Properties:

@ Vv eT: the weight space M(A7)} _,, is a free A-module of finite rank
=sois > .r M(AT)}

vel AT—V
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5.7: Proof of Jantzen's theorem from the key lemma

@ Vv eT: the weight space M(A7)}
=sois > .r M(AT)}

AT—V

_, is a free A-module of finite rank

vel
@ A\t is antidominant,
since Va € ®: (p, V) #0, so (At + p, ) = A+ p,a¥)+ T{p,av) ¢ Z
~—~——

S—
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5.7: Proof of Jantzen's theorem from the key lemma

@ Vv eT: the weight space M(A7)}
. A
= SO Is ZVGF M()‘T)AT—V
@ A\t is antidominant,

since Va € ®: (p, V) #0, so (At +p, ) = A+ p,a¥)+ T{p,av) ¢ Z
Theorem 3.15
= (,°)

is a free A-module of finite rank

-V

M(\7) is non-degenerate
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5.7: Proof of Jantzen's theorem from the key lemma

@ Vv e T: the weight space M()\T)f\‘T
=sois > .r M(AT)}

)\T—l/

_, is a free A-module of finite rank
vel
@ A\t is antidominant,

since Va € ®: (p,a¥) #0,s0 (At +p,a¥) = A+ p,aV) + T{p,a") ¢ Z

Th 3.15 .
o= (s )M(ry) is non-degenerate + Mot
Its restriction to > M(AT)QT,V remains non-degenerate and contravariant
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5.7: Proof of Jantzen's theorem from the key lemma

@ Vv e T: the weight space M()\T)f\‘T
=sois > .r M(AT)}

)\T—l/

_, is a free A-module of finite rank
vel
@ A\t is antidominant,
since Va € ®: (p, V) #0, so (At +p, ) = A+ p,a¥)+ T{p,av) ¢ Z
Theorem 3.15’ .
= (*»-)M(ry) is non-degenerate
Its restriction to > M(AT)QT,V remains non-degenerate and contravariant

= Vn € Z7° we may consider > & M()\T)QT_V(H)
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5.7: Proof of Jantzen's theorem from the key lemma

Properties:

@ Vv e T: the weight space M()\T)f\‘T_V is a free A-module of finite rank
=sois > .r M(AT)}

vel AT—V

@ )7 is antidominant,
since Va € ®: (p, V) #0, so (At +p, ) = A+ p,a¥)+ T{p,av) ¢ Z
Theog?"w/ (*»-)M(ry) is non-degenerate

Its restriction to > M(AT)QT,V remains non-degenerate and contravariant

= Vn € Z7° we may consider > & M()\T)QT_V(H)

Definition:

MODAD = 3 MOTIA, ()= fe e Zn0ds - Ve e )y
ver c— é__l_,\AB

| \

v
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5.7: Proof of Jantzen's theorem from the key lemma

Properties:

@ Vv e T: the weight space M()\T)f\‘T_V is a free A-module of finite rank
=sois > .r M(AT)}

vel AT—V

@ A\t is antidominant,
since Va € ®: (p, V) #0, so (At +p, ) = A+ p,a¥)+ T{p,av) ¢ Z
Theorem 3.15’ .
= (*»-)M(ry) is non-degenerate

Its restriction to 3, . M(A7)X,_, remains non-degenerate and contravariant

= Vn € Z7° we may consider > & M()\T)QT_V(H)

Definition:

MO = 3, MOTDR, ()
MO = M)A 72

| \
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration

M(X) = M(A)° S M(A)E S M(A)2 S - 5 M(A)" > M(A\)" = {0}
such that Vi=0,...,n

0) M(\)" is nontrivial submodule of M(\)
1) M(N); := M(A)'/M(A)'*! has a non-degenerate contravariant form

Proof:
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration

M(\) = M(A)° D M(A)E D M(A)? D -+ D M(A)" D M(M\)"L = {0}
such that Vi=0,...,n

0) M(\)" is nontrivial submodule of M(\)

1) M(N); := M(A)'/M(A)'*! has a non-degenerate contravariant form
Proof:
M(AT)? has a filtration M(A7)A = M(AT)A® > MO)AY 5> M()A? 5 .

v
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:
M(X) has a filtration
M(X) = M(A)° D M(A)! D M(A)?2 D .- D M(A)" D M(\)"™ = {0}
such that Vi=0,...,n
0) M(\)" is nontrivial submodule of M(\)
1) M(N); := M(A)'/M(A)'*! has a non-degenerate contravariant form

Proof:

M(A7)? has a filtration M(A7)A = M(Ar)A® 5> MOA)AY 5 M(Ar)A® 5
Viez=°:

0) I\/I()\T)A(i) is a U(ga)-submodule of M(\7)A

v
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration
M(X) = M(A)° D M(A)! D M(A)?2 D .- D M(A)" D M(\)"™ = {0}
such that Vi=0,...,n

0) M(\)" is nontrivial submodule of M(\)

1) M(N); := M(A)'/M(A)'*! has a non-degenerate contravariant form

Proof:
M(AT)? has a filtration M(A7)A = M(AT)A® > MO)AY 5> M()A? 5 .
Viez>°:
0) I\/I()\T)A(') is a U(ga)-submodule of M(\7)A
= M())" is a submodule of M()\)

v
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5.7: Proof of Jantzen's theorem from the key lemma

M(X) has a filtration

M(X) = M(A)° D M(A)! D M(A)?2 D .- D M(A)" D M(\)"™ = {0}
such that Vi=0,...,n
0) M(\)" is nontrivial submodule of M(\)

1) M(N); := M(A)'/M(A)'*! has a non-degenerate contravariant form

Proof:
M(AT)? has a filtration M(A7)A = M(AT)A® > MO)AY 5> M()A? 5 .
Viez>°:
0) I\/I()\T)A(') is a U(ga)-submodule of M(\7)A
= M())" is a submodule of M()\)

v

1) By Lemma 5.6.2, the induced bilinear form on M()\T)A(i)/M()\T)A(iH) is
non-degenerate and contravariant
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:
M(X) has a filtration
M(X) = M(A)° D M(A)! D M(A)?2 D .- D M(A)" D M(\)"™ = {0}
such that Vi=0,...,n
0) M(\)" is nontrivial submodule of M(\)

1) M(N); := M(A)'/M(A)'*! has a non-degenerate contravariant form

Proof:
M(AT)? has a filtration M(A7)A = M(AT)A® > MO)AY 5> M()A? 5 .
Viez>°:
0) I\/I()\T)A(') is a U(ga)-submodule of M(\7)A
= M())" is a submodule of M()\)

V7
1) By Lemma 5.6.2, the induced bilinear form on /\/I()\T)A(') M()\T)A('H) is
non-degenerate and contravariant O\

= Under T = 0 these yield non-degenerate contravariant forms on
M(X)' /M)

v
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5.7: Proof of Jantzen's theorem from the key lemma

M(X) has a filtration

M(X) = M(A)° D M(X)E D> M(A)? D --- D M(A)" D M(M\)"L = {0}
such that Vi=0,...,n

0) M(\)" is nontrivial submodule of M(\)
1) M(A)'/M(X)*! has a non-degenerate contravariant form

Proof (cntd):
We have M()\)("+1) = {0} for n big enough, since
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5.7: Proof of Jantzen's theorem from the key lemma

M(X) has a filtration

M(X) = M(A)° D M(X)E D> M(A)? D --- D M(A)" D M(M\)"L = {0}
such that Vi=0,...,n

0) M(\)" is nontrivial submodule of M(\)
1) M(A)'/M(X)*! has a non-degenerate contravariant form

Proof (cntd):
We have M()\)("+1) = {0} for n big enough, since
@ Vv el :3n, €Z2°: M(AT)R, . (n) = {0}

@ Only finitely many v € T are such that limr_o(Ar — v) = XA — v is W-linked to A
and hence lead to non-trivial weight spaces in the limit T =0 O
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration

M(A) = M(A\)° D M(A) D M(A)2 D --- D M(A)" D M(A\)" = {0}
such that

2) M\ = N())

Proof:
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration
M(A) = M(A\)° D M(A) D M(A)2 D --- D M(A)" D M(A\)" = {0}
such that

2) M\ = N())

Proof:
M(X)/M(X)! is a highest weight module with non-degenerate contravariant form

Theorem 315 M(X\)/M(X)! is simple
= M(A)?! is the maximal submodule of M(}), i.e. N() O
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5.7: Proof of Jantzen's theorem from the key lemma

>T:/\+TC KZG:LT) A: d:rTJ
MO./EA_V vel

Definitions:

® D,07) = det [ uan) s, |
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5.7: Proof of Jantzen's theorem from the key lemma

Definitions:

® D,07) = det [ uan) s, |

@ Kostant partition function:
P:A—Z2%: A= #(ca)aco+ in ZZ0 such that A = — Y aco+ Call
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5.7: Proof of Jantzen's theorem from the key lemma

® Dy(A1) :=det [('a M)

@ Kostant partition function:
P:A—Z2%: A= #(ca)aco+ in ZZ0 such that A = — Y aco+ Call

M(xr);‘rﬁ]

Proposition 5.7:

D,/()\T) = H IO_OI (<)‘T +p, av> - r)’P(llfra)

acdt r=1

| A

Proof: will follow from Theorem 5.8.
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5.7: Proof of Jantzen's theorem from the key lemma

Corollary: For any v € I":

> dm(MODE, () = ¥ Pl = (At p.a¥)a)

4
acdy

Proof:
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5.7: Proof of Jantzen's theorem from the key lemma

Corollary: For any v € I":

> dm(MODE, () = ¥ Pl = (At p.a¥)a)

4
acdy

Proof:
We will compute v7(D,(A7)) in 2 different ways.

1. By Proposition 5.7: vr(D,(A7)) = i P —ra)vr((Ar+p,a¥)—r)

aedt r=1
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5.7: Proof of Jantzen's theorem from the key lemma

Corollary: For any v € I":

> dm(MODE, () = ¥ Pl = (At p.a¥)a)

4
acdy

Proof:
We will compute v7(D,(A7)) in 2 different ways.

1. By Proposition 5.7: vr(D,(A7)) = i‘é P —ra)vr((Ar+p,a¥)—r)

aedt r=1

v (At +pa¥) =) =vr(Atpa’) —r+Tlpa"))
[0 if ¢ &F
5,7()\_,_/)70(\/) if a € d);\’_

</\+€.‘Lv>:’\e Z)ﬂ = Aw)(/\ = e (E:
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5.7: Proof of Jantzen's theorem from the key lemma

Corollary: For any v € I":

> dm(MODE, () = ¥ Pl = (At p.a¥)a)

4
acdy

Proof:
We will compute v7(D,(A7)) in 2 different ways.

1. By Proposition 5.7: vr(D,(A7)) = i‘é P —ra)vr((Ar+p,a¥)—r)

aedt r=1

vi (A1 +p,a) —r) =vr ((A+p,a") —r+ T{p,a’))
fo0 if o ¢ OF
o 5,7()\_,_/)70(\/) if a € (D;\’_
=vr(D,(A1)) = X Pv—(A+pa’)a)
aed]
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5.7: Proof of Jantzen's theorem from the key lemma

Corollary: For any v € I":

> dm(MODE, () = ¥ Pl = (At p.a¥)a)

4
acdy

Proof:
We will compute v7(D,(A7)) in 2 different ways.

1. By Proposition 5.7: vr(D, (A1) = Y. > P(v—ra)vr((A\r+p,aY)—r)
aedt r=1
v (A1 +p,0") —r) = vr (A +p,a") —r+ T(p,a"))
0 if o ¢ of
5,7()\_,_/)70(\/) if a € d);\’_
= vr(D,(A1)) = X Pv—(A+p,a’)a)

+
aedy

2. By Lemma 5.6.1: vr(D,(Ar)) = 3. dim(M(A)2 _, (1)) O
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration
M(X) = M(A)° D M(A)E D M(A)? D -+ D M(A)" D M(M\)"L = {0}
such that

n .
3) Jantzen sum formula: Y ch M(A)' = > ch M(s, - \)

= +
i=1 acdy

Proof:
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration
M(A) = M(A\)° > M(A)! > M(A\)? D

M(\)" > M(\)™! = {0}
such that

n .
3) Jantzen sum formula: Y ch M(A)' = > ch M(s, - \)
i=1 a€¢§

Proonch M(\)' = Z S dim(M(A)L_ ) e(A —v)

A—v
i=lvel
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration
M(X) = M(A)° D M(A)E D M(A)? D -+ D M(A)" D M(M\)"L = {0}
such that

n .
3) Jantzen sum formula: Y  ch M(A)' = >  ch M(s,-A)
i=1 aco?

Proof:ich MO = 5 % dim(M(V,_,) e(A —v)

= & % dm (MODE,0) |,y

e(A—v)
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration

M(X) = M(A)° D M(A)E D M(A)? D -+ D M(A)" D M(M\)"L = {0}

such that

n .
3) Jantzen sum formula: Y  ch M(A)' = >  ch M(s,-A)

j= +
i=1 acdy

Proonch M(\)' = Z S dim(M(A)L_ ) e(A —v)

A—v
i=lvel

=lrer

LIS SN Py — (A4 p,aV)a) e(A —v)

N
vel acof
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5.7: Proof of Jantzen's theorem from the key lemma

Theorem 5.3 [Jantzen]:

M(X) has a filtration
M(X) = M(A)° D M(A)E D M(A)? D -+ D M(A)" D M(M\)"L = {0}
such that

n

3) Jantzen sum formula: 3> ch M(\)' = > ch M(s,- )

i=1 oz€<1>;\r

Proof:>" ch M(A) = 3 3" dim(M(N)i_,) e(A —v)
i=1 i=lver
— 3 dim ( M(A7)4 i e(A—v
% 3 dim (MO, D) [ e =)
CETE T P (A pat)a)e(r - v)
vel acof
With new summation index v/ = v — (A + p,a¥)a € T:
5o MOY = Ser Toce; PIY) e 5 00000 - )
i=1
— ZV'EF E(XGQ’; P(V’) e(Su . )\ — Z//)
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5.7: Proof of Jantzen's theorem from the key lemma

M(X) has a filtration
M(X) = M(A)° D M(A)! D M(A)?2 D .- D M(A)" > M(\)" = {0}
such that

3) Jantzen sum formula: 3> ch M(\)' = 3 ch M(s, - \)

j— +
i=1 acdy

Proof (cntd):
By Proposition 1.16: ch M(s, - A) =P xe(sy - A) = > P(v)e(sq - A —v)

vel
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5.7: Proof of Jantzen's theorem from the key lemma

M(X) has a filtration
M(A) = M(A\)° D M(A)E D M(A)2 D --- D> M(A)" D M(A\)"+ = {0}

such that
n

3) Jantzen sum formula: 3> ch M(\)' = 3 ch M(s, - \)

j— +
i=1 acdy

Proof (cntd):
By Proposition 1.16: ch M(s, - A) =P xe(sy - A) = > P(v)e(sq - A —v)
vel
=Y ch M(A) = 3 ch M(sy - ) O

"
i=1 acgdy
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5.7: Proof of Jantzen's theorem from the key lemma

M(X) has a filtration
M(X) = M(A)° D M(A)! D M(A)?2 D .- D M(A)" > M(\)" = {0}

such that
n

3) Jantzen sum formula: " ch M(A\)' = > ch M(s, - \)

j— +
i=1 acdy

Proof (cntd):

By Proposition 1.16: ch M(s, - A) =P xe(sy - A) = > P(v)e(sq - A —v)
vel

= f:ch M) = 3 ch M(s, - A) m

"
i=1 acgdy

What if instead of A+ = A\ + Tpl we choose A + Ta for v # p? See Chapter 8. )
L
D v —
<&,F Vo |V€e 0

Hadewijch De Clercq Highest weight modules - Part 11 April 2021 37/52









































































5.8: The Shapovalov determinant formula

Definitions: For any A € b*

@ Universal bilinear form
C:U(g)® U(g) = U(h) : u® u' — C(u, u") = proj|ye) (c(u)u’)
/

By Section 3.15: (v, V' )m(n) —)\OC(u Yifv=u-vi v =d v

h)ac

v
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5.8: The Shapovalov determinant formula

Definitions: For any A € b*

@ Universal bilinear form
C:U(g)® U(g) = U(h) : u® u' — C(u, u") = proj|ye) (T(u)u’)
By Section 3.15: w: Ao C(u, ) ifv=u-vi v =u v
e (',')M(A) U)o U(@g) »C:uu = (u- Vf: u' - V;)M(/\)

@(.,.)M(A):AOC]
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5.8: The Shapovalov determinant formula

Definitions: For any A € b*

@ Universal bilinear form
C:U(g)® U(g) = U(h) : u® u' — C(u, u") = proj|ye) (T(u)u’)
By Section 3.15: (v, V' )y = Ao C(u, ') if v=u-vi, v =u"-vi
° ("A'/)M(,\) U)oU) > C:u® u’+—>(u~v;r,u’~v;r)M(k)

= ('7 ')M()\) =AoC

@ For any o € ®T:  h, € b is such that A\(h,) = (A, aV), VA € b*
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5.8: The Shapovalov determinant formula

Definitions: For any A € b*

@ Universal bilinear form
C:U(g)® U(g) = U(h) : u@ u" = C(u, ') = projlyy)((u)u’)
By Section 3.15: (v, V' )y = Ao C(u, ') if v=u-vi, v =u"-vi

° (~,A~/)M(/\) U@ @ U(g) > Cuu — (u-vi, v - vy
:>(T-)M(A):/\0C
@ For any o € ®T:  h, € b is such that A\(h,) = (A, aV), VA € b*
For any v € I"

o Un™)-p={yeUm7):[hy]l=-v(h)y, Vheh}
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5.8: The Shapovalov determinant formula

Definitions: For any A € b*

@ Universal bilinear form
C:U(g)® U(g) = U(h) : u@ u" = C(u, ') = projlyy)((u)u’)
By Section 3.15: (v, V' )y = Ao C(u, ') if v=u-vi, v =u"-vi

e (',')M(/\) U)o U(@g) »C:uu = (u- Vf:“"vf)/vl(x)

= (5 mpny = A0 C
@ For any o € ®T:  h, € b is such that A\(h,) = (A, aV), VA € b*
For any v € T:

°© Un )w={yeU(m):[hy]l=—v(h)y, Vheh}
= if {g/'}; is basis for U(n~)_,, then {g/ - vy }; is basis for M(A\)_,
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5.8: The Shapovalov determinant formula

@ Universal bilinear form
—C:U(g) @ U(g) = U(b) : ue v’ = C(u, u') = proj|ye)(T(u)u’)
By Section 3.15: (v, V' )y = Ao C(u, ') if v=u-vi, v =u"-vi

° (~,A~/)M(/\) U@ @ U(g) > Cuu — (u-vi, v - vy
= (f~,\/~)M(>\) =)o C
@ For any o € ®T:  h, € b is such that A\(h,) = (A, aV), VA € b*
For any v € T:
o U™ ), ={yeUm):[hy]l=-v(h)y, Vheh}
= if {g/'}; is basis for U(n~)_,, then {g/ - vy }; is basis for M(A\)_,
@ C, := restriction of C to U(n™)%?

v
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5.8: The Shapovalov determinant formula

Definitions: For any A € b*

@ Universal bilinear form
C:U(g)® U(g) = U(h) : u@ u" = C(u, ') = projlyy)((u)u’)
By Section 3.15: (v, V' )y = Ao C(u, ') if v=u-vi, v =u"-vi

° (~,A~/)M(/\) U@ @ U(g) > Cuu — (u-vi, v - vy
:>(T-)M(A):/\0C
@ For any o € ®T:  h, € b is such that A\(h,) = (A, aV), VA € b*
For any v € I"

°© Un )w={yeU(m):[hy]l=—v(h)y, Vheh}
= if {g/'}; is basis for U(n~)_,, then {g/ - vy }; is basis for M(A\)_,

@ C, := restriction of C to U(n~)%2

@ Shapovalov matrix S,: matrix of C, w.r.t. chosen ordered basis for U(n~)_,
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5.8: The Shapovalov determinant formula

Definitions: For any A € b*

@ Universal bilinear form
C:U(g)® U(g) = U(h) : u@ u" = C(u, ') = projlyy)((u)u’)
By Section 3.15: (v, V' )y = Ao C(u, ') if v=u-vi, v =u"-vi

e ('7')M(>\) U)o U(@g) »C:uu = (u- va“"vf)/vl(x)

= (5 mpny = A0 C
@ For any o € ®T:  h, € b is such that A\(h,) = (A, aV), VA € b*
For any v € T:

°© Un )w={yeU(m):[hy]l=—v(h)y, Vheh}
= if {g/'}; is basis for U(n~)_,, then {g/ - vy }; is basis for M(A\)_,
@ C, := restriction of C to U(n™)%?

v

@ Shapovalov matrix S,: matrix of C, w.r.t. chosen ordered basis for U(n~)_,

@ D, :=det(S,) € U(h), well-defined up to non-zero scalar factor

Hadewijch De Clercq Highest weight modules - Part Il April 2021 38/52



5.8: The Shapovalov determinant formula

Theorem 5.8: For any v € I':

D, = [I H( +{p,a¥)y — r)Fl=r

aedt r

Proof: will be given soon.
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5.8: The Shapovalov determinant formula

Theorem 5.8: For any v € I':

D, = [I H(h +{p,a¥)y — r)Fl=r

aedt r

Proof: will be given soon.

Proposition 5.7:

DIJ()\T) = H 10_0[ (<)\T +p, aV) _ r)'P(l/—ra)

acdt r=1

Proof:
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5.8: The Shapovalov determinant formula

Theorem 5.8: For any v € I':

D, =TI H(h +{p,a¥)y — r)Fl=r

aedt r

Proof: will be given soon.

Proposition 5.7:

D)= I I (A7 +p.a¥) — )P

acdt r=1

Proof:
D,(Ar) = det [ (I

M(,\T);‘T,V} :ldet [(-, ‘)M(AT) U(n;)‘?i}
t

MUY CLuw),

AT
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5.8: The Shapovalov determinant formula

Theorem 5.8: For any v € I':

D, =TI H(h +{p,a¥)y — r)Fl=r

aedt r

Proof: will be given soon.

Proposition 5.7:

DIJ()\T) = H 10_0[ (<)\T +p, aV) _ r)'P(l/—ra)

acdt r=1

Proof: -
D.(Ar) = det |+ wan Mg, | = det | Iy | |
= det [AT °C ‘U(n;)?z ] = Arodet [C ‘U(n;@? ]
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5.8: The Shapovalov determinant formula

Theorem 5.8: For any v € I':

D, = II H(h +(p,a¥) — )P

aedt r

Proof: will be given soon.

Proposition 5.7:

D)= I I (A7 +p.a¥) — )P

acdt r=1

Proof: -
D.(Ar) = det |+ wan Mg, | = det | Iy | |
= det [Ar o Cygpyez | = Ar o det[Cypyer

e 1 g -
T <f\‘|, &)
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5.8: The Shapovalov determinant formula

Theorem 5.8: For any v € I':

D, =TI H(h +{p,a¥)y — r)Fl=r

aedt r

Proof: will be given soon.

Proposition 5.7:

D)= I I (A7 +p.a¥) — )P

acdt r=1

Proof: -
D.(Ar) = det |+ wan Mg, | = det | Iy | |
= det [Ar o Cygpyez | = Ar o det[Cypyer

=aroD, = I TI (r(ha) + (p.a) = )77

acdt r=1

o]

=TI II (A7 +poa¥) — )P m

acdt r=1
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5.8: The Shapovalov determinant formula

Exercise 5.8:
Let g = sl(3,C) with A ={a, 5} and v =
matrix S, w.r.t. the ordered basis {y,ys, ¥y} of U(n™)_, is given by

S, = (hahﬁ ths  —hg ) with D, = hahg(ho + hs + 1)

= a + . Check that the

—hg hy, + hg

S, - (C(g,‘ge, Ye ) CLH-L,%H({)) 3“5” the o) m’“h (Xpé‘ﬁ“gf)

g g Cogeve)” = pale L) N4,
¢ f VEAYS
(o 2= 1l 1)z, =yl na )‘L‘f f
(¢ VoA, g (guf) 4, Rg (R, +)

L?(J*F ) gﬂi J(xt \?de—} M-Lt(g)
|IL€@ A
\K +1’L) Q(ﬁ/l_/l\ ,LA‘ £P+2_ ) ‘—L/\a('(x*l-(,"'/l).
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5.9: Shapovalov's proof of the determinant formula

Let &+ = {0417...,01,-,,}, A= {041,...,044}
PBW-basis for U(g): yi*...y/mhit ... hxtt ... xto

for (r1,...,Fm S1,... S0, t, ..., tm) € certain subset of (Z=°)*(2m+0)
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5.9: Shapovalov's proof of the determinant formula

Let &+ = {0417...701,-,,}, A= {041,...,044}
PBW-basis for U(g): yi*...y/mhit ... hxtt ... xto

for (r1,...,Fm S1,... S0, t, ..., tm) € certain subset of (Z=°)*(2m+0)

Notations: For any v € '

@ AW basis of U(n~)_, is of the form

Ve :)/1““')/[{7” cw=(n,...,rm) €AW}
where Q, = {(r1,...,rm) € (Z=°)*™: 3" riay = v}
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5.9: Shapovalov's proof of the determinant formula

Let &+ = {0417...701,-,,}, A= {041,...,044}
PBW-basis for U(g): yi*...y/mhit ... hxtt ... xto

for (r1,...,Fm S1,... S0, t, ..., tm) € certain subset of (Z=°)*(2m+0)

Notations: For any v € '

@ Any basis of U(n™)_, is of the form

Ve :)/1““')/[{7” cw=(n,...,rm) €AW}
where Q, = {(r1,...,rm) € (Z=°)*™: 3" riay = v}

o dw)y=>"n
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5.9: Shapovalov's proof of the determinant formula

Let &+ = {0417...701,-,,}, A= {al,...,ag}
PBW-basis for U(g): yi*...y/mhit ... hxtt ... xto

for (r1,...,Fm S1,... S0, t, ..., tm) € certain subset of (Z=°)*(2m+0)

Notations: For any v € '

@ Any basis of U(n™)_, is of the form
Yo=Y iw=(r,....,rm) € AW},
where Q, = {(r1,...,rm) € (Z=°)*™: 3" riay = v}

o dw)y=>"n

o SV = (c(w,w’))w,wlegu. )
where c(w,w’) = G, (Yo, Yur) = Proj|u(n) (7 (Ve)Ye)
= projluy (X - X'y yar) fw=(r,...,rm), W = (s1,...,5m)
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,....m} :VweQ, :In € Z2%: Jwy,...,wp € Bprer U
dp1(w), . .., pn(w) polynomials of degree < 1 in the h,, o€ ®*:

Xk Y = Zf':l&(g)& ’mod U(g)n™
Proof: Es (}’(U) = o, ”—«1 + 2, L,‘LT. .
t |
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,....m} :VweQ, :In € Z2%: Jwy,...,wp € Bprer U
dp1(w), . .., pn(w) polynomials of degree < 1 in the h,, o€ ®*:
XY = Di—y Pi(w) Y, mod U(g)nt

Proof: By induction on d(w):
o If d(w) =0, then y, =1 = xky, € U(g)n™
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,....m} :VweQ, :In € Z2%: Jwy,...,wp € Bprer U
dp1(w), . .., pn(w) polynomials of degree < 1 in the h,, o€ ®*:
XY = Di—y Pi(w) Y, mod U(g)nt

Proof: By induction on d(w):
o If d(w) =0, then y, =1 = xy, € U(g)n™

@ Let d(w) > 0. Write w = (n,...,rm). Let j be minimal such that r; # 0.
Set w® =(n,..., -1, —1,r41,...,rm). Note: d(w®) < d(w)
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,....m} :VweQ, :In € Z2%: Jwy,...,wp € Bprer U
dp1(w), . .., pn(w) polynomials of degree < 1 in the h,, o€ ®*:
XY = Di—y Pi(w) Y, mod U(g)nt

Proof: By induction on d(w):
o If d(w) =0, then y, =1 = xy, € U(g)n™

@ Let d(w) > 0. Write w = (n,...,rm). Let j be minimal such that r; # 0.
Set w® =(n,..., -1, —1,r41,...,rm). Note: d(w®) < d(w)
XkYw = XkYjYwe = }/ijyw°+[Xk7yj]yw°-
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,....m} :VweQ, :In € Z2%: Jwy,...,wp € Bprer U
dpi(w), ..., pn(w) polynomials of degree < 1 in the h,, oc d™:
XY = 2oimq Pi(w) Y,  mod U(g)n*

Proof: By induction on d(w):
o If d(w) =0, then y, =1 = xy, € U(g)n™

@ Let d(w) > 0. Write w = (n,...,rm). Let j be minimal such that r; # 0.
Set w® =(n,..., -1, —1,r41,...,rm). Note: d(w®) < d(w)
XcYor = XkYjYwo = YjXkYuwo +[Xi, YjlVwe.
o By the IH: Jw;, pi(w®): xkywe = > iy Pi(w®)yw;, mod U(g)n™.
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,....m} :VweQ, :In € Z2%: Jwy,...,wp € Bprer U
dpi(w), ..., pn(w) polynomials of degree < 1 in the h,, oc d™:
XY = 2oimq Pi(w) Y,  mod U(g)n*

Proof: By induction on d(w):
o If d(w) =0, then y, =1 = xy, € U(g)n™
@ Let d(w) > 0. Write w = (n,...,rm). Let j be minimal such that r; # 0.
Set w® =(n,..., -1, —1,r41,...,rm). Note: d(w®) < d(w)
XkYw = XkYjYwe = }/ijyw°+[Xk7yj]yw°-
o By the IH: Jw;, pi(w®): xkywe = > iy Pi(w®)yw;, mod U(g)n™.
If pi(w®) = aihao + bi = yipi(w®) = pij(w°)y;,
where p!(w®) = aih,o + b + (aj, aDV)
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,....m} :VweQ, :In € Z2%: Jwy,...,wp € Bprer U
dpi(w), ..., pn(w) polynomials of degree < 1 in the h,, oc d™:
XY = 2oimq Pi(w) Y,  mod U(g)n*

Proof: By induction on d(w):
o If d(w) =0, then y, =1 = xky, € U(g)n™
@ Let d(w) > 0. Write w = (n,...,rm). Let j be minimal such that r; # 0.
Set w® =(n,..., -1, —1,r41,...,rm). Note: d(w®) < d(w)
XkYw = XkYjYwe = }/ijyw°+[Xk7yj]yw°-
o By the IH: Jw;, pi(w®): xkywe = > iy Pi(w®)yw;, mod U(g)n™.
If pi(w®) = aihao) + bj = yjpi(w®) = pi(w®)y;,
where p!(w®) = aih,o + b + (aj, aDV)
= YjXkYee = 3li—1 P(w°)YiYe, mod U(g)n*
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,...,m} :VweQ, :IncZ2:3wy,...,w, € Drer U
dpi(w), ..., pn(w) polynomials of degree < 1 in the h,, oc d™:
XY = 2oimq Pi(w) Y,  mod U(g)n*

Proof: By induction on d(w):
o If d(w) =0, then y, =1 = xy, € U(g)n™

@ Let d(w) > 0. Write w = (r1,...,rm). Let j be minimal such that r; # 0.
Set w® =(n,..., -1, —1,r41,...,rm). Note: d(w®) < d(w)
XkYw = XkYjYwe = }/ijyw°+[Xk7yj]yw°-
o By the IH: Jw;, pi(w®): xkywe = > iy Pi(w®)yw;, mod U(g)n™.
If pi(w®) = aihao) + bj = yjpi(w®) = pi(w®)y;,
where p!(w®) = aih,o + b + (aj, aDV)
= YjXkYee = 22y P(w°)YjYe, mod U(g)n*
Also y;y.,, € U(n™), so can be written as C-linear combination of y,
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I":

Vke{l,....m}:VweQ, :Ine€Z2: Fwy,...,wn € D,cr U :
dp1(w), ..., pn(w) polynomials of degree < 1 in the hy, o€ ®*:
XY = Doz Pi(w) Yo,  mod U(g)n™®

Proof (cntd): By induction on d(w):

o Let d(w) > 0. Xk = XkYjYwe = YiXicYwe+ [Xk, ¥j| Vo -
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I":

Vke{l,....m}:VweQ, :Ine€Z2: Fwy,...,wn € D,cr U :
dp1(w), ..., pn(w) polynomials of degree < 1 in the hy, o€ ®*:
XY = Doz Pi(w) Yo,  mod U(g)n™®

Proof (cntd): By induction on d(w):
o Let d(w) > 0. Xk = XkYjYwe = YiXicYwe+ [Xk, ¥j| Vo -
o If k= [xk,yj]ywe = hay Yo
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I":

Vke{l,....m}:VweQ, :Ine€Z2: Fwy,...,wn € D,cr U :
dp1(w), ..., pn(w) polynomials of degree < 1 in the hy, o€ ®*:
XY = Doz Pi(w) Yo,  mod U(g)n™®

Proof (cntd): By induction on d(w):
o Let d(w) > 0. Xk = XkYjYwe = YiXicYwe+ [Xk, ¥j| Vo -

] H: k :_] [Xk7yj]yw° - hOékywo ;

o If k #j: Write ay = Zf:l a,(k)ozf and a; = Zf:l a,(’)a,-.
LE QRO

Note: [xi,y;] = |1 X"y ]

i=1

Hadewijch De Clercq Highest weight modules - Part Il April 2021

43 /52



5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I":

Vke{l,....m}:VweQ, :Ine€Z2: Fwy,...,wn € D,cr U :
dp1(w), ..., pn(w) polynomials of degree < 1 in the hy, o€ ®*:
XY = Doz Pi(w) Yo,  mod U(g)n™®

Proof (cntd): By induction on d(w):
o Let d(w) > 0. Xk = XkYjYwe = YiXicYwe+ [Xk, ¥j| Vo -

] H: k :_] [Xk7yj]yw° - hOékywo ;
o If k #j: Write ay = Zle a,(k)oéi and o = Zf:l a,(’)a,-.
PO

¢
Note: [xi,y] = [T [x" ,yi" |

i=1

o If ax —aj € @7, then Vi : agk) < a,(fi) with < at least once
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I":

Vke{l,....m}:VweQ, :Ine€Z2: Fwy,...,wn € D,cr U :
dp1(w), ..., pn(w) polynomials of degree < 1 in the hy, o€ ®*:
XY = Doz Pi(w) Yo,  mod U(g)n™®

Proof (cntd): By induction on d(w):
o Let d(w) > 0. Xk = XkYjYwe = YiXicYwe+ [Xk, ¥j| Vo -

] H: k :_] [qu yj]ywo = hak}’w" ;
o If k #j: Write ay = Zle a,(k)oéi and a; = Zf:l aEJ)a,-.

LE QRO
Note: [xi,y] = [T [x" ,yi" |
i=1
o If ax —aj € @7, then Vi : agk) < a,(-") with < at least once
a(.k) ag) a(.k) ag)fa(.k) +
=[x,y ]ehn’ y/ 7 mod U(g)n
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I":

Vke{l,....m}:VweQ, :Ine€Z2: Fwy,...,wn € D,cr U :
dp1(w), ..., pn(w) polynomials of degree < 1 in the hy, o€ ®*:
XY = Doz Pi(w) Yo,  mod U(g)n™®

Proof (cntd): By induction on d(w):
o Let d(w) > 0. Xk = XkYjYwe = YiXicYwe+ [Xk, ¥j| Vo -

] H: k :_] [qu yj]ywo = hak}’w" ;
o If k #j: Write ay = Zle a,(k)oéi and a; = Zf:l aEJ)a,-.

LE QRO
Note: [xi,y] = [T [x" ,yi" |
i=1
o If ax —aj € @7, then Vi : agk) < a,(-") with < at least once

(k) ) (k) ,0) _ (k)
=[x" .y ]eh vy 7 mod U(g)n®

1 i

= [kayj] = h&kyaj*ak

Hadewijch De Clercq Highest weight modules - Part Il April 2021 43 /52






5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I":

Vke{l,....m}:VweQ, :Ine€Z2: Fwy,...,wn € D,cr U :
dp1(w), ..., pn(w) polynomials of degree < 1 in the hy, o€ ®*:
XY = Doz Pi(w) Yo,  mod U(g)n™®

Proof (cntd): By induction on d(w):
o Let d(w) > 0. Xk = XkYjYwe = YiXicYwe+ [Xk, ¥j| Vo -
o If k=j: [xk, yjlywe = hay Yo

o If k #j: Write ay = Zle agk)a,- and o = Zle agj)a,-.
LE QRO
Note: [xi,y] = [T [x" ,yi" |
i=1
o If ax —aj € @7, then Vi : agk) < a,(fi) with < at least once

G RG]

(k)
= [Xiai 7}’iai ] eh’ y’ " mod U(g)n+
= [kayj] = h&kyaj*ak

=[xk, Yj]ywe = hayYaj—arYwe is C-linear combination of ha, ../
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,...,m} :VweQ, :IncZ2°:3wy,...,wy € Der U
dp1(w), . .., pn(w) polynomials of degree < 1 in the h,, o€ ®*:
XkYw = 27:1 Pi(w) Yw; mod U(g)'ﬂ+

Proof (cntd): By induction on d(w):

o Let d(w) > 0. XkYw = XkYjYwe = YjXkYwe+ [Xk, ¥j] Vo -

. Lo a0
o If k # j: Note: [xc,y;] = T [x" .y |
i=1

o If ax —aj € dF, then Vi : a9 > a,w with > at least once

i
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,...,m} :VweQ, :IncZ2°:3wy,...,wy € Der U
dp1(w), . .., pn(w) polynomials of degree < 1 in the h,, o€ ®*:
XkYw = 27:1 Pi(w) Yw; mod U(g)'ﬂ+

Proof (cntd): By induction on d(w):
o Let d(w) > 0. XkYw = XkYjYwe = YjXkYwe+ [Xk, ¥j] Vo -

. Lo a0
o If k # j: Note: [xc,y;] = T [x" .y |
i=1
o If a —j € d*, then Vi : a¥ > a¥ with > at least once

(k) () G) k) 0)
= [ e R mod ulgy

i
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,...,m} :VweQ,: Incz>° P 3w, wn € Py Q
dp1(w), . .., pn(w) polynomials of degree < 1 in the h,, o€ ®*:
XkYw = 27:1 Pi(w) Yw; mod U(g)'ﬂ+

Proof (cntd): By induction on d(w):

o Let d(w) > 0. XkYw = XkYjYwe = YjXkYwe+ [Xk, ¥j] Vo -

. Lo a0
o If k # j: Note: [xq,yj] = [1 [Xl-’ i
i=1
o If a —j € d*, then Vi : a¥ > a¥ with > at least once

a

(k) () RORSC (J)
=[x,y ] ehn X mod U(g )

= [ 1Ye = hagXay—ayYwo = by S0y P (00t
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.1: For any v € I':

Vke{l,....m} :YweQ,: EInEZZO:le,...,w,,E@V,GrQ ;
dp1(w), . .., pn(w) polynomials of degree < 1 in the h,, o€ ®*:

XkYw = 27:1 Pi(w) Yw; mod U(g)'ﬂ+

Proof (cntd): By induction on d(w):
o Let d(w) > 0. XkYw = XkYjYwe = YjXkYwe+ [Xk, ¥j] Vo -

. W0
o If k # j: Note: [xq,yj] = [1 [Xl-’ Y }
i=1
o If a —j € d*, then Vi : a¥ > a¥ with > at least once

(k) () RORSC (J)
=[xyl e X mod U(g )

=[xk, yjlywe = hajxak oa,ywo ha, Z, 1P: (@ )Yw;
Note: If pi'(w®) = aih i) + bi = ha,;p' (W°) = 3ih) o, + biha,
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.2: For any v € T, for any w,w’ € Q,

The degree of c(w,w’), considered as a polynomial in the h,, o € ®T, satisfies

deg(c(w,w")) < min(d(w), d(w"))

Proof:
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.2: For any v € T, for any w,w’ € Q,

The degree of c(w,w’), considered as a polynomial in the h,, o € ®T, satisfies

deg(c(w,w")) < min(d(w), d(w"))

Proof:
The bilinear form C is symmetric = S, is symmetric matrix
= It suffices to show that deg(c(w,w’)) < d(w).
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.2: For any v € T, for any w,w’ € Q,

The degree of c(w,w’), considered as a polynomial in the h,, o € ®T, satisfies

deg(c(w,w")) < min(d(w), d(w"))

Proof:
The bilinear form C is symmetric = S, is symmetric matrix
= It suffices to show that deg(c(w,w’)) < d(w). By induction on d(w).

@ Ifd(w)=0=yo =1= c(w,w') = projluwm) (Y ) = dur,0 = deg(c(w,w’)) =0

Hadewijch De Clercq Highest weight modules - Part Il April 2021 45 /52



5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.2: For any v € T, for any w,w’ € Q,

The degree of c(w,w’), considered as a polynomial in the h,, o € ®T, satisfies

deg(c(w,w")) < min(d(w), d(w"))

Proof:
The bilinear form C is symmetric = S, is symmetric matrix
= It suffices to show that deg(c(w,w’)) < d(w). By induction on d(w).

@ Ifd(w)=0=yo =1= c(w,w') = projluwm) (Y ) = dur,0 = deg(c(w,w’)) =0
@ If d(w) > 0: Yo = YjYwe = C(w,w') = proj‘u(h)(T(ywo)ijw/).
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.2: For any v € T, for any w,w’ € Q,

The degree of c(w,w’), considered as a polynomial in the h,, o € ®T, satisfies

deg(c(w,w")) < min(d(w), d(w"))

Proof:
The bilinear form C is symmetric = S, is symmetric matrix
= It suffices to show that deg(c(w,w’)) < d(w). By induction on d(w).

@ Ifd(w)=0=yo =1= c(w,w') = projluwm) (Y ) = dur,0 = deg(c(w,w’)) =0

@ If d(w) > 0: Yo = YjYwe = C(w,w') = proj‘u(h)(T(ywo)ijw/).
By Lemma 5.9.1: 3pj;,wit Xjyu = Y1y Yu;pi(w’) mod
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.2: For any v € T, for any w,w’ € Q,

The degree of c(w,w’), considered as a polynomial in the h,, o € ®T, satisfies

deg(c(w,w")) < min(d(w), d(w"))

Proof:
The bilinear form C is symmetric = S, is symmetric matrix
= It suffices to show that deg(c(w,w’)) < d(w). By induction on d(w).
@ Ifd(w)=0=yo =1= c(w,w') = projluwm) (Y ) = dur,0 = deg(c(w,w’)) =0
@ If d(w) > 0: Yo = YjYwe = C(w,w') = proj‘u(h)(T(ywo)ijw/).
By Lemma 5.9.1: 3pj,wit Xy = 91y Y, Pi(w’) mod U(g)n™

= c(w,w') = 30 projluge (7 (ywe )y ) - pi(w’) = 321, (W, wi), pi(w’)
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.2: For any v € T, for any w,w’ € Q,

The degree of c(w,w’), considered as a polynomial in the h,, o € &7, satisfies

deg(c(w,w")) < min(d(w), d(w"))

Proof:
The bilinear form C is symmetric = S, is symmetric matrix
= It suffices to show that deg(c(w,w’)) < d(w). By induction on d(w).

@ Ifd(w)=0=yo =1= c(w,w') = projluwm) (Y ) = dur,0 = deg(c(w,w’)) =0

@ If d(w) > 0: Yo = YjYwe = C(w,w’) = proj‘u(h)(T(ywo)ijw/).
By Lemma 5.9.1: 3pj,wi: Xy = > 1y Yu;Pi(w’) mod U(g)n™
= c(w,w') = 3211 Projlug) (T(vewe )ye,) - Pi(w') = 320, c(w®, wi) pi(w’)

— deg(c(w,w')) < Eﬁéxdeg(c(wo,w;)) 1< dw°) +1=d(w) O

L
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.2: For any v € T, for any w,w’ € Q,

The degree of c(w,w’), considered as a polynomial in the h,, o € &7, satisfies

deg(c(w,w")) < min(d(w), d(w"))

Proof:
The bilinear form C is symmetric = S, is symmetric matrix
= It suffices to show that deg(c(w,w’)) < d(w). By induction on d(w).

@ Ifd(w)=0=yo =1= c(w,w') = projluwm) (Y ) = dur,0 = deg(c(w,w’)) =0

@ If d(w) > 0: Yo = YjYwe = C(w,w’) = proj‘u(h)(T(ywo)ijw/).
By Lemma 5.9.1: 3pj,wi: Xy = > 1y Yu;Pi(w’) mod U(g)n™
= c(w,w') = 3211 Projlug) (T(vewe )ye,) - Pi(w') = 320, c(w®, wi) pi(w’)

= deg(c(w,w")) < 37, deg(c(w®,wi)) + 1 Ig d(w°) +1=d(w) O

In fact Shapovalov showed: w # w’ = deg(c(w,w’)) < min(d(w), d(w")) )
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

deg(D,) < X 3 P(v - ra)

acdt r=1

Proof:
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

deg(D,) < X 3 P(v - ra)

acdt r=1

Proof:
Lemma 5.9.2
0 deg(D)) < > max(deg(c(w,w’))) < > dw)
\IthQ w'e, weN,

Dy e lele o'l

= dy D) <m~x dﬁtrd“ 5)
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

deg(D,) < X 3 P(v - ra)

acdt r=1
Proof:
Lemma 5.9.2
o deg(D,) < ¥ max (deg(c(w,w)) £ % d(w)
weR, w'ey weR,
m

o Y dw)= X X

weN, (Fyeeeyrm)€Q, i=1
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

deg(D,) < X 3 P(v - ra)

acdt r=1
Proof:
Lemma 5.9.2
0 deg(D)) < > max(deg(c(w,w’))) < > dw)
we, ¥ e, weR,

o Y dw= X X

wEQ (Fyeeeyrm)€Q, i=1

= Z ZI’X # [rl,...,r,-,l,riﬂ,...,rm EZZO : (rl,...,r,...,rm) EQV]

i=1r=
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

deg(D,) < X 3 P(v - ra)

acdt r=1
Proof:
, Lemma 5.9.2
0 deg(D)) < > max(deg(c(w,w’))) < > dw)
we, ¥ e, weR,
m
o Y dw)y= > Yn
WEQ (r1seeestm)€Qy i=1
= Z EI’X # [rl,...,r,-,l,riﬂ,...,rm EZZO : (rl,...,r, 7I’m) EQV]
i= lr
m
= Z ZI’X #[rl,...,r,-,l,r,-H,...,rm € 720 Z I:,'Oéj:l/]
i=1r= j=1
ri=r

Hadewijch De Clercq Highest weight modules - Part 11 April 2021 46 /52



5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

L) T S Ply— i)

acdt r=1

Proof (cntd):

° ’P(Vf(rJrl)a,-):#[rl,...,rmEZzo:irjajzyf(rJrl)a,-]

j=1
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

L) T S Ply— i)

acdt r=1

Proof (cntd):
© P(v—(r+Lai)=#[n,....,rmn € ZZ°: Y iy = v — (r + 1)ov]
j=1
:#[rl,...,rm c72% . r1a1+---+(r;—1\)gi+"'+l’mam:V—(r—i—l)a,‘,ri750]
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

L) T S Ply— i)

acdt r=1

Proof (cntd):

° ’P(Vf(rJrl)a,-):#[rl,...,rmEZzo:irjajzyf(rJrl)a,-]

j=1
:#[rl,...,rmEZZO:r1a1—|—---+(r;—1)a;+---+rmam:V—(r—|—1)a,-,r,-750]
:#[rl,...,rmGZZO:r1a1+---+r;a;+--~+rmam:I/—ra,-,r,-;éO]
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

L) T S Ply— i)

acdt r=1

Proof (cntd):

© P(v—(r+Lai)=#[n,....,rmn € ZZ°: Y iy = v — (r + 1)ov]
j=1
:#[rl,...,rmEZZO:r1a1—|—---+(r;—1)a;+---+rmam:V—(r—l—l)a,-,r,-750]
:#[rl,...,rmeZZO:r1a1+---+r;a;+--~+rma,,,:I/—ra,-,r,-;éO]

:P(z/—ra,-)—#[rl,...,rmGZEO:Ej'ilqaj:u—ra,-,r,-zo]
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

L) T S Ply— i)

acdt r=1

Proof (cntd):

° P(Vf(rJrl)a;):#[rl,...,rmEZzo:irjaj:yf(rJrl)a,-]

j=1

:#[rl,...,rmEZZO:r1a1—|—---+(r;—1)a;+---+rmam:V—(r—l—l)a,-,r,-750]
:#[rl,...,rmGZZO:r1a1—|—---—|—r,-a,-—|—--~+r,,,a,,,:I/—ra,-,r,-;éO]
=P(v—rai)—#[n,...,m GZEO:X:J."’:l rj()éjw»rf:o]
ZP(V—ra,»)—#[rl,.A.7r,-,1,r,-+1,...,rmEZEO: eraj:u]

j=1

ri=r
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5.9: Shapovalov's proof of the determinant formula

Corollary 5.9.3: For any v € I:

L) T S Ply— i)

acdt r=1

Proof (cntd):

° P(Vf(rJrl)a;):#[rl,...,rmEZzo:irjaj:yf(rJrl)a,-]

Jj=1

:#[rl,...,rmEZZO:r1a1—|—~-~—|—(r,-—1)a,-+---+rmam:V—(r—l—l)a;,r;750]
:#[rl,...,rmGZZO:r1a1+---+r,-a,+ —|—r,,,o¢,,,—1/—ro¢,-,r,-7é0]
:P(z/—ra,-)—#[rl,...,rmGZEO:EJlrjozj_u rai, ri = 0]
ZP(V—ra,»)—#[rl,.A.7r,-,1,r,-+1,...,rmEZ— :erog:u]
j=1
° Z;Z d(w) = le [P(V—fa:)—P(V—(rJrl)af)]Z_ZIZIP(V—W)
wely, i r=1 J=lr=
= > ZP(V*FO() O

acdt r=
N——
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5.9: Shapovalov's proof of the determinant formula

Theorem 4.12: For any o € &, r € Z>°: 3 Shapovalov elements 0, € U(b7)_,q4:

o VB € dt: x50, € U(g)(hy + Yy —r)+ U(g)nt
o lfa=Y" la,a,, then HQ,‘Z Pi g

where Ga,n H Y p e UnT)_ra, gj € U(b) with deg(qgj) < rZ, 1 @i
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5.9: Shapovalov's proof of the determinant formula

Theorem 4.12: For any o € &, r € Z>°: 3 Shapovalov elements 0, € U(b7)_,q4:

@ V3 e dT: x50, € U(g)(ha + (p, ") — r)+ U(g)n™

¢
o Ifa=)>",_,ajaj, then 0, , =06, ,+ EJ- p;q;.

where 0, , = [T, v/, pj € U(W")_ra, q; € U(D) with deg(q;) < r i a;
AI v

Notations: For any v € [, a € &

@ Vo, =Un )pirabo,rC Un)_y
Vi, =Um")viraba,r CUMDT) -,

v
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5.9: Shapovalov's proof of the determinant formula

Theorem 4.12: For any o € &, r € Z>°: 3 Shapovalov elements 0, € U(b7)_,q4:

@ V3 e dT: x50, € U(g)(ha + (p, ") — r)+ U(g)n™

o Ifa= Zf:l ajaj, then 6y, = 00, + zj p;q;.
where 0, , = [T, v/, pj € U(W")_ra, q; € U(D) with deg(q;) < r i, a;

Notations: For any v € [, a € &

@ Vo, =Un )pirabo,rC Un)_y
Var = UM )viraba, CU(bT)-y
Since right multiplication in U(g) is injective:

dim(V;, ) = dim(Va,,) = dim(U(n7) —yv1ra) = P(v — ra)
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5.9: Shapovalov's proof of the determinant formula

Theorem 4.12: For any o € ®*, r € Z>° 3 Shapovalov elements 0, , € U(b™)—ra:

@ VB e &t xg0,,, € U(g)(ha + (p, ") — r) + U(g)n*

o Ifa= Ef:l ajaj, then 6y, = 00, + ZJ. p;q;.
where 0, , = [T, v/, pj € U(W")_ra, q; € U(D) with deg(q;) < r i, a;

Notations: For any v € [, a € &

o Vi, = U(n_)fqura@ C U(n_),,,
V(;,r = UM )vtrafar C U(BT)-y
Since right multiplication in U(g) is injective:
dim(V,,,) = dim(V, ) = dim(U(n~)_,4ra) = P(v — ra)

@ Let T C U(n~)_, besuch that Un™)_, =T @ V,,
Vi=ToV, cuE).,
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5.9: Shapovalov's proof of the determinant formula

Theorem 4.12: For any o € ®*, r € Z>° 3 Shapovalov elements 0, , € U(b™)—ra:

@ VB e &t xg0,,, € U(g)(ha + (p, ") — r) + U(g)n*

o Ifa= Ef:l ajaj, then 6y, = 00, + ZJ. p;q;.
where 0, , = [T, v/, pj € U(W")_ra, q; € U(D) with deg(q;) < r i, a;

Notations: For any v € T, a € ®*:

° Va,r = U(n_)fqura ea,r C U(n_),,,
Vi, =Um")viraba,r CUMDT) -,
Since right multiplication in U(g) is injective:
dim(V,,,) = dim(V, ) = dim(U(n~)_,4ra) = P(v — ra)
@ Let T C U(n")_, besuch that Un™)_, =T @ V,,
V=ToV,, CcUb ),

@ Sy := matrix of Clygyv
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5.9: Shapovalov's proof of the determinant formula

Theorem 4.12: For any o € ®*, r € Z>° 3 Shapovalov elements 0, , € U(b™)—ra:

@ VB e &t xg0,,, € U(g)(ha + (p, ") — r) + U(g)n*

o Ifa= Ef:l ajaj, then 6y, = 00, + ZJ. p;q;.
where 0, , = [T, v/, pj € U(W")_ra, q; € U(D) with deg(q;) < r i, a;

Notations: For any v € T, a € ®*:

@ Vo, =Un )pirabo,rC Un)_y
Vi, =Um")viraba,r CUMDT) -,
Since right multiplication in U(g) is injective:
dim(V,,,) = dim(V, ) = dim(U(n~)_,4ra) = P(v — ra)
@ Let T C U(n")_, besuch that Un™)_, =T @ V,,
V=ToV,, CcUb ),
@ Sy := matrix of Clygyv

@ Dy :=det(Sv)
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5.9: Shapovalov's proof of the determinant formula

5 (U'I)A =0~ U- Qi)‘\a Aok = A

Lemma 5.9.4:

3 unipotent matrix U: Sy = UTS),:U and hence D,, = Dy (up to scalar # 0)

Proof:
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.4:

3 unipotent matrix U: Sy = UT SyU and hence D, = Dy (up to scalar # 0)

v

Proof:

@ U )@ UM)=(T & Va,)@U(h) =(T®UD) S (Va,r @ U(b))
=(TeUu®)e Ve, Ub)=(Te Ve,)oU(b)=VeU()
All isomorphisms are natural, i.e. either by multiplication or 04, — 0.,

@ dim(V) =dim(T) +dim(V,,,) = dim(T) + dim(Va,-) = dim(U(n™)_,)
@ S, = C|V®2, S, = C|U(n*)‘§2 O
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.5: Forany a € ¢, r € Z°°% w e @, . Qs y € U(n™):

v/iel =™t

C(Yw, YOa,r) € (ha + (p, 04v> —r)U(h)

Proof:

Hadewijch De Clercq Highest weight modules - Part Il April 2021 50 /52



5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.5: Forany a € ", r € Z°°, w e @, .t U, y € U(n™):

C(Yw, YOa,r) € (ha + (p, 04v> —r)U(h)

Proof:
It suffices to show the claim for y = y,.

Let yo, = YjYwo, ¥ = Yo = YikYuwro.
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.5: Forany a € ", r € Z°°, w e @, .t U, y € U(n™):

C(Yw, YOa,r) € (ha + (p, 04v> —r)U(h)

Proof:

It suffices to show the claim for y = y,.

Let Yo = YjYwe, ¥ = Yur = YiYuro-

C(Ywayaa,r) = pr0j|U(h) (T(yw)ygow) = pr0j|U(h) (T(yw" )ijw/ea,r)-
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.5: Forany a € ", r € Z°°, w e @, .t U, y € U(n™):

C(Yw, YOa,r) € (ha + (p, aY) — r) U(h)

Proof:

It suffices to show the claim for y = y,.

Let o = YjYwe, ¥ = Yo = YkYro-

C(Yw» YOa,r) = Pr0j|U(h) (T(yw)yOa,r) = pr0j|U(h) (T(Ywe )ijuﬂea,r)-
We prove that Xy, 0., € U(g)(ha + (p, V) —r) + nt 4+ U,
by induction on d(w’):
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.5: Forany a € ", r € Z°°, w e @, .t U, y € U(n™):

C(Yw, YOa,r) € (ha + (p, aY) — r) U(h)

Proof:

It suffices to show the claim for y = y,.

Let o = YjYwe, ¥ = Yo = YkYro-

C(Yw» YOa,r) = Pr0j|U(h) (T(yw)yOa,r) = pr0j|U(h) (T(Ywe )ijuﬂea,r)-
We prove that Xy, s, € U(g)(ha + (p,a¥) — r) + U(g)n™ + U(g)n~,
by induction on d(w’):

@ If d(w') =0, then the claim follows from Theorem 4.12.
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.5: Forany a € ", r € Z°°, w e @, .t U, y € U(n™):

C(Yw» YOa,r) € (ha + (p,a) — r) U(h)

Proof:

It suffices to show the claim for y = y,.

Let o = YjYwe, ¥ = Yo = YkYro-

C(Yw» YOa,r) = Pr0j|U(h) (T(yw)yOa,r) = pr0j|U(h) (T(Ywe )ijuﬂea,r)-
We prove that Xy, s, € U(g)(ha + (p,a¥) — r) + U(g)n™ + U(g)n~,
by induction on d(w’):

@ If d(w') =0, then the claim follows from Theorem 4.12.

@ If d(w') > 0, then xjy,10a, = wyw/oea,, = YiXjYwroba,r + [Xi, Yk]Vwroba,r
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.5: Forany a € ", r € Z°°, w e @, .t U, y € U(n™):

C(Yw» YOa,r) € (ha + (p,a) — r) U(h)

Proof:

It suffices to show the claim for y = y,.

Let o = YjYwe, ¥ = Yo = YkYro-

C(Yw» YOa,r) = Pr0j|U(h) (T(yw)yOa,r) = pr0j|U(h) (T(Ywe )ijuﬂea,r)-
We prove that Xy, s, € U(g)(ha + (p,a¥) — r) + U(g)n™ + U(g)n~,
by induction on d(w’):

@ If d(w') =0, then the claim follows from Theorem 4.12.
® If d(w') >0, then Xy, ba,r = X;yiYuroOa,r = YuXjYuroOar + [Xj, Vil Yeoro Oar,r
° yiXjyweba,r € U(g)(ha + (p,a¥) = r) + U(g)n™ + U(g)n~ by the IH
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.5: Forany a € ", r € Z°°, w e @, .t U, y € U(n™):

C(Yw» YOa,r) € (ha + (p,a) — r) U(h)

Proof:

It suffices to show the claim for y = y,.

Let o = YjYwe, ¥ = Yo = YkYro-

C(Yw» YOa,r) = Pr0j|U(h) (T(yw)yOa,r) = pr0j|U(h) (T(Ywe )ijuﬂea,r)-
We prove that Xy, s, € U(g)(ha + (p,a¥) — r) + U(g)n™ + U(g)n~,
by induction on d(w’):

@ If d(w') =0, then the claim follows from Theorem 4.12.
© If d(w') >0, then Xy, ba,r = X;yiYuroOa,r = YiXj¥uroOar + [X, Vil Yeoro Oar.r
° yiXjywela,r € U(g)(ha + (p,a¥) = r) + U(g)n™ + U(g)n~ by the IH

haij“’@a,r lfj =k
o [va)/k]yw"’ea,r = haj)/ozk—og}/w’o'ga,r if Qj — o € o~
hakxaj_ak@oﬂa,, if aj — o € T
Ly IH O
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.6: For any v € I':

Dy T II(ha+ (pa¥) — r)PE=e) U(h)

acdt r=1

Proof:
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.6: For any v € I':

Dy T II(ha+ (pa¥) — r)PE=e) U(h)

acdt r=1

Proof: Let & € @1 and r € Z>° be arbitrary.
By Lemma 5.9.4: D, = Dy = det(Sv) = det(C|\/®\/). V=T Vo/z,r'
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.6: For any v € I':

Dy T II(ha+ (pa¥) — r)PE=e) U(h)

acdt r=1

Proof: Let & € @1 and r € Z>° be arbitrary.
By Lemma 5.9.4: D, = Dy = det(Sv) = det(C|\/®\/). V=T Vo/( ,
&

@ Basis elements of T: y,, for certain w € Q,,

@ Basis elements of V(;,r: YOa.r with y € Un7)_ptra
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.6: For any v € I':

Dy T II(ha+ (pa¥) — r)PE=e) U(h)

acdt r=1

Proof: Let & € @1 and r € Z>° be arbitrary.
By Lemma 5.9.4: D, = Dy = det(Sv) = det(C|\/®\/). V=T Vo/c,r'

@ Basis elements of T: y,, for certain w € Q,,
@ Basis elements of V(;,r: YOa.r with y € Un7)_ptra

= matrix entry of Sy on column indexed by V , and row indexed by T:
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.6: For any v € I':

Dy T II(ha+ (pa¥) — r)PE=e) U(h)

acdt r=1

Proof: Let & € @1 and r € Z>° be arbitrary.
By Lemma 5.9.4: D, = Dy = det(Sv) = det(C|\/®\/). V=T Vo/c,r'

@ Basis elements of T: y,, for certain w € Q,,
@ Basis elements of V(;,r: YOa.r with y € Un7)_ptra
= matrix entry of Sy on column indexed by V , and row indexed by T:

Lemma 5.9.5

Cuwr¥bar) € (ha+{p,a’) =r)U(b).
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.6: For any v € I':

Dy T II(ha+ (pa¥) — r)PE=e) U(h)

acdt r=1

Proof: Let & € @1 and r € Z>° be arbitrary.
By Lemma 5.9.4: D, = Dy = det(Sy) = det(Clvgy). V=T o V],

@ Basis elements of T: y,, for certain w € Q,,
@ Basis elements of V(;,r: YOa.r with y € Un7)_ptra

= matrix entry of Sy on column indexed by and row indexed by T:

Lemma 5.9.5
C(ur¥bar) € (ha+(p,a’) = r)U(b).
There are dim(V/, ,) = P(v — ra) such columns

= D, € (ho + (p, ") — r)Pr=ra) y(p).
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5.9: Shapovalov's proof of the determinant formula

Lemma 5.9.6: For any v € I':

Dy T II(ha+ (pa¥) — r)PE=e) U(h)

acdt r=1

Proof: Let & € @1 and r € Z>° be arbitrary.
By Lemma 5.9.4: D, = Dy = det(Sy) = det(Clvgy). V=T o V],

@ Basis elements of T: y,, for certain w € Q,,
@ Basis elements of V(;,r: YOa.r with y € Un7)_ptra

= matrix entry of Sy on column indexed by V , and row indexed by T:

Lemma 5.9.5
C(ur¥bar) € (ha+(p,a’) = r)U(b).
There are dim(V/, ,) = P(v — ra) such columns

= D, € (ho + (p, ") — r)Pr=ra) y(p).
The factors (h, + (p, ) — r)P=r9) are relatively prime

=D, € I TI(ha+{p,av)— r)P(”_’O‘) u(n). O
acodt r=1
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5.9: Shapovalov's proof of the determinant formula

Theorem 5.8: For any v € I":

Dy= 1 II (ha+ (pa¥) — r)yP&=

acdt r=1

Proof:
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5.9: Shapovalov's proof of the determinant formula

Theorem 5.8: For any v € I":

Dy= 1 II (ha+ (pa¥) — r)yP&=

acdt r=1
Proof:
By Lemma 5.9.5:
&) o0
> X P(v—ra)=deg( I Il(ha+ (p,a¥)—r)P¥=)) < deg(D,)
aedt r=1 aedt r=1
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5.9: Shapovalov's proof of the determinant formula

Theorem 5.8: For any v € I":

Dy= 1 II (ha+ (pa¥) — r)yP&=

acdt r=1

Proof:
By Lemma 5.9.5:
o0

> > P(v—ra)=deg( II IL(ha+(pa") — )PE=r2)) < deg(D,)

acdt r=1 acdt r=1

But also by Corollary 5.9.3:
deg(D,) < > > P(v—ra)

acdt r=1
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5.9: Shapovalov's proof of the determinant formula

Theorem 5.8: For any v € I":

Dy= 1 II (ha+ (pa¥) — r)yP&=

acdt r=1

Proof:
By Lemma 5.9.5:

[ee] [ee]

> Y Pw—ra)=deg( [I TI(ha+{p.a¥)—r)Pt"r)) < deg(D,)
acdt r=1 acdt r=1
But also by Corollary 5.9.3:
deg(D,) < > > P(v—ra)
acdt r=1

oo
=D, = [I TI(ha+ (p,aV)— r)P(V_ra) up to non-zero scalar O
acdt r=1
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